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Abstract 

We associate to each infinite primitive Lie pseudogroup a Hopf algebra 
of 'transverse symmetries', by refining a procedure due to Connes and 
the first author in the case of the general pseudogroup. The affiliated 
Hopf algebra can be viewed as a 'quantum group' counterpart of the 
infinite-dimensional primitive Lie algebra of the pseudogroup. It is 
first constructed via its action on the etale groupoid associated to the 
pseudogroup, and then realized as a bicrossed product of a universal 
enveloping algebra by a Hopf algebra of regular functions on a for- 
mal group. The bicrossed product structure allows to express its Hopf 
cyclic cohomology in terms of a bicocyclic bicomplex analogous to the 
Chevalley-Eilenberg complex. As an application, we compute the rel- 
ative Hopf cyclic cohomology modulo the linear isotropy for the Hopf 
algebra of the general pseudogroup, and find explicit cocycle represen- 
tatives for the universal Chern classes in Hopf cyclic cohomology. As 
another application, we determine all Hopf cyclic cohomology groups 
for the Hopf algebra associated to the pseudogroup of local diffeomor- 
phisms of the line. 



Introduction 

The transverse characteristic classes of foliations with holonomy in a tran- 
sitive Lie pseudogroup T of local diffeomorphisms of M n are most effectively 
described in the framework of the Gelfand-Fuks [TT] cohomology of the Lie 
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algebra of formal vector fields associated to T (c/. e.g. Bott-Haefiiger [2]). 
In the dual, .fT-homological context, the transverse characteristic classes of 
general foliations have been expressed by Connes and the first author (c/. 
[SJ El E]) in terms of the Hopf cyclic cohomology of a Hopf algebra TL n 
canonically associated to the group DiffR". 

In this paper we construct similar Hopf algebras for all classical groups of 
diffeomorphisms, or equivalently for the infinite primitive Lie-Cartan pseu- 
dogroups [3j of local C°°-diffeomorphisms. The Hopf algebra Tin associated 
to such a pseudogroup n can be regarded as a 'quantum group' analog of 
the infinite dimensional primitive Lie algebra of n (c/. Singer-Sternberg |26| . 
Guillemin [13]). It is initially constructed via its tautological action on the 
etale groupoid associated to n, and is then reconstructed, in a manner rem- 
iniscent of a 'quantum double', as the bicrossed product of a universal en- 
veloping algebra by a Hopf algebra of regular functions on a formal group. 
In turn, the bicrossed product structure is employed to reduce the compu- 
tation of the Hopf cyclic cohomology of Tin to that a bicocyclic bicomplex 
analogous to the Chevalley-Eilenberg complex. This apparatus is then ap- 
plied to compute the relative Hopf cyclic cohomology of TL n modulo gl n . We 
actually find explicit cocycles representing the Hopf cyclic analogues of the 
universal Chern classes. In the case of TL\, the improved technique allows us 
to refine our previous computations [23] and completely determine the non- 
periodized Hopf cyclic cohomology of the Hopf algebra Ti\ affiliated with 
the pseudogroup of local diffeomorphisms of the line. 

We now give a brief outline of the main results. Our construction of the Hopf 
algebra associated to a primitive Lie pseudogroup n is modeled on that of 
Ti n i n [S], which in turn was inspired by a procedure due to G. I. Kac [18] 
for producing non-commutative and non-cocommutative quantum groups 
out of 'matched pairs' of finite groups. It relies on splitting the group Diffn 
of globally defined diffeomorphisms of type flasa set-theoretical product of 
two subgroups, 

Diffn = G u ■ N n , G u nN u = {e}. 

For a flat (i.e. containing all the translations) primitive pseudogroup n, 
Gu is the subgroup consisting of the affine transformations of R n that are 
in Diffn, while iVn is the subgroup consisting of those diffeomorphisms in 
Diffn that preserve the origin to order 1. 

The pseudogroup of contact transformations is the only infinite primitive 
pseudogroup which is not flat. In that case, we identify M 2n+1 with the 
Heisenberg group H n . Instead of the vector translations, we let H n act on 
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itself by group left translations, and define the group of 'affine Heisenberg 
transformations' Gn as the semidirect product of H n by the linear isotropy 
group G n consisting of the linear contact transformations. As factor Njj we 
take the subgroup of all contact diffeomorphisms preserving the origin to 
order 1 in the sense of Heisenberg calculus, i.e. whose differential at is the 
identity map of the Heisenberg tangent bundle (c/. e.g. |25j). 

The factorization Diffn = Gn ■ Nn allows to represent uniquely any 4> G 
Diffn as a product <j> = cp ■ ift, with <p € Gn and ip G Nn- Factorizing the 
product of any two elements <p £ Gn and ip € iVn in the reverse order, 
ip • ip = (qp > y?) • < <^) 5 one obtains a left action ip \— ► ip((p) := f> (p o£ 
Njj on Gn, along with a right action < of Gn on Nr. Equivalently, these 
actions are restrictions of the natural actions of Diffn on the coset spaces 
Diffn /N u = G n and G n \Diff n = A^n- 

The 'dynamical' definition of the Hopf algebra Hn associated to the pseu- 
dogroup n is obtained by means of its action on the (discrete) crossed prod- 
uct algebra An = G°°(Gn) x Diffn, which arises as follows. One starts with 
a fixed basis {-Xj}i<j< m for the Lie algebra gn of Gn- Each I £ gn gives 
rise to a left-invariant vector field on Gn, which is then extended to a linear 
operator on An, in the most obvious fashion: X^fU^-i) = X(f)U ( p-i, 
where / € G°°(G n ) and <p € Diff n . One has 

m 

U^-xXiU^ = J2 r K<l>) X 3, i = l,...,m, 
i=i 

with V°A<j)) S G°°(G cn ), and we define corresponding multiplication opera- 
tors on An by taking 

Al(fU^ 1 ) = (T^r 1 )lfU;, where T(<t>) = (^'(0))^. .< m . 

As an algebra, Tin is generated by the operators X k s and A|'s. In partic- 
ular, Tin contains all iterated commutators 

Kk,..k r ■= [X kr ,...,[X kl ,A{}...}, 
which are multiplication operators by the functions 

n M -kM) ■= X *r ■ ■■X kl {Tim, 4> G Diffn . 
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For any a, b 6 A(U cn ), one has 

X k (ab) = X k (a)b + Y J ^l(a)X J (b), 

j 

A{(ab) = £A?(a)Aj(6), 

k 

and by multiplicativity every h G H(IT cn ) satisfies a 'Leibniz rule' of the 
form 

h{ab) = ^ /i(!)(a) /i( 2 )6) , Va, & € *4n- 
The operators AJ.... satisfy the following Bianchi-type identities: 

A tj ~ A h = XI c rs A i A j -E4 A "' 

r,s e 

where c l - k are the structure constants of the Lie algebra gn. 

Theorem 0.1. Let Sju be the abstract Lie algebra generated by the operators 
{X k , k } and their commutation relations. 

1. The algebra Tin is isomorphic to the quotient of the universal envelop- 
ing algebra U{$)n) by the ideal Bn generated by the Bianchi identities. 

2. The Leibniz rule determines uniquely a coproduct, with respect to which 
Tin o- TLopf algebra and An an Tin-module algebra. 

We next describe the bicrossed product realization of Tin- Let Tn denote 
the algebra of functions on N generated by the jet 'coordinates' 

4 M ...kM) ■= TJ iM...kM)(e), i^^N; 

the definition is obviously independent of the choice of basis for gn- Fur- 
thermore, Tn is a Hopf algebra with coproduct uniquely and well-defined 
by the rule 

A/(V>i,V> 2 ) := Vipufa € N, 

and with antipode 

Sfty) ■= /(V'" 1 ), tp £ N . 

Now the universal enveloping algebra tin = ^(gn) can be equipped with a 
right J^Q-comodule coalgebra structure T : Un — > Un <8> Tn as follows. Let 
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{X r = Xl 1 ■ ■ ■ X%? ; i l9 . . . , i m e Z+} be the PBW basis of U u induced by 
the chosen basis of Qu- Then 

J 

with f3j(tp) in the algebra of functions on Gn generated by T J iK (tfj). One 
obtains a coaction T : Uu — > ® -^h by defining 

J 

again, the definition is independent of the choice of basis. 

The right action < of Gu on An induces an action of Gu on Tu and hence 

a left action of Uu on Tu , that makes Tu a left Wn-module algebra. 

Theorem 0.2. With the above operations, Uu and Tu form a matched 
pair of Hopf algebras, and their bicrossed product Tu X\ Uu is canonically 
isomorphic to the Hopf algebra Tiy, . 

The Hopf algebra Tiu also comes equipped with a modular character 5 = 5u, 
extending the infinitesimal modular character 5(X) = Tr(adX), X E qu- 
The corresponding module C$, viewed also as a trivial comodule, defines 
a 'modular pair in involution', cf. [7], or a particular case of an 'SAYD 
module-comodule', cf. [16]. Such a datum allows to specialize Connes' 
-ExtA-definition [4j of cyclic cohomology to the context of Hopf algebras 
(cf. [6, 7J). The resulting Hopf cyclic cohomology, introduced in [6] and 
extended to SAYD coefficients in |17j . incorporates both Lie algebra and 
group cohomology and provides the appropriate cohomological tool for the 
treatment of symmetry in noncommutative geometry. However, its com- 
putation for general, i.e. non-commutative and non-cocommutative, Hopf 
algebras poses quite a challenge. In the case of H n , it has been shown in [6] 
that HP*(Ti n ;Cs) is canonically isomorphic to the Gelfand-Fuks cohomol- 
ogy of the Lie algebra a n of formal vector fields on R n , result which allowed 
to transfer the transverse characteristic classes of foliations from iiT-theory 
classes into JT-homology characteristic classes. There are very few instances 
of direct calculations so far (see e.g. [24], where the periodic Hopf cyclic 
cohomology of several variants of 7i\ has been directly computed), and a 
general machinery for performing such computations is only beginning to 
emerge. 

We rely on the bicrossed product structure of the Hopf algebra Tiu to reduce 
the computation of its Hopf cyclic cohomology to that of a simpler, bicocyclic 
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bicomplex. The latter combines the Chevalley-Eilenberg complex of the Lie 
algebra = 0n with coefficients in C<5 <8> F®' and the coalgebra cohomology 
complex of T = with coefficients in A'g : 



A 2 *- C S ® T <8> A 2 *- C S <g> T m <g> A 2 



C{® fl- 
ap 



9, 

- C s ® T ® s - 

- C s ® T <g> C ■ 



- C s <8> T® 2 <g> fl - 
■ Q ® ® C - 



Theorem 0.3. 1. The above bicomplex computes the periodic H op f cyclic 
cohomology HP*(TLu', t 



2. There is a relative version of the above bicomplex that computes the 
relative periodic Hopf cyclic cohomology HP*(Tiu, W(h); C^), for any 
reductive subalgebra fj of the linear isotropy Lie algebra 0^. 



As the main application in this paper, we compute the periodic Hopf cyclic 
cohomology of Ti n relative to gl n and find explicit cocycle representatives 
for its basis, as described below. 

For each partition A = (Ai > . . . > A&) of the set {1, . . . ,p}, where f < 
p < n, we let A G S p also denote a permutation whose cycles have lengths 
Ai > . . . > Afc, i.e. representing the corresponding conjugacy class [A] € [S p ]. 
We then define 

C P ,x ■= E(" 1 ) M1 ® <(i)j M1) A • • • A <( P ), 3HP) ® X Mp + D A • • • A X Mn) , 

where the summation is over all fi E S n and all 1 < Ji,j2, • • • , J P < 

Theorem 0.4. XTie cochains {C Pi a ; 1 < P < ^, [A] E [<Sp]} are cocycles and 
their classes form a basis of the group HP e (Ti n ,U(Ql n );Cs), where e = n 
mod 2, while HP 1 ' 6 (Tin, W(flln); Q) = 0. 

The correspondence with the universal Chern classes is obvious. Let 
V n [ci, . . . c n ] = C[ci, . . . c n ]/l n 
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denote the truncated polynomial ring, where deg(cj-) = 2j, and I n is the 
ideal generated by the monomials of degree > In. To each partition A as 
above, one associates the degree 2p monomial 

c p ,a := c Xl ■ ■ ■ c Xk , Ai + . . . + A fc = p; 

the corresponding classes {c Pj a ; 1 < P < n, AG [S p ]} form a basis of the 
vector space V n [c\, . . . c n \. 

A second application is the complete determination of the Hochschild co- 
homology of TCi and of the non-periodized Hopf cyclic cohomology groups 
HC q (Tli;Cs), where 5 is the modular character of the Hopf algebra Tt%. 
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1 Construction via Hopf actions 

This section is devoted to the 'dynamical' construction of the Hopf algebras 
associated to primitive Lie pseudogroups of infinite type. For the sake of 
clarity, we start with the case of the general pseudogroup (c/. also [9]), where 
the technical details can be handled in the most transparent fashion. The 



7 



other cases of flat pseudogroups can be treated in a similar manner. In 
order to illustrate the slight adjustments needed to cover them, we describe 
in some detail the Hopf algebras affiliated to the volume preserving and 
the symplectic pseudogroups. On the other hand, the case of the contact 
pseudogroup, which is the only non-flat one, requires a certain change of 
geometric viewpoint, namely replacing the natural motions of M 2ra+1 with 
the natural motions of the Heisenberg group H n . 

1.1 Hopf algebra of the general pseudogroup 

Let FW 1 — > W 1 be the frame bundle on M. n , which we identify to M. n x 
GL(n,R) in the obvious way: the 1-jet at € R n of a germ of a local 
diffeomorphism (f> on W 1 is viewed as the pair 

(x := 0(0), y := <f/ (0)) e R n x GL(n, R), foix) := <j>{x) - 0(0). (1.1) 

The flat connection on FW 1 — > R n is given by the matrix-valued 1-form 
uj = (fjj) where, with the usual summation convention, 

u) := (y-%dy» = (y-Uy)), i,j = l,...,n, (1.2) 

and the canonical form is the vector- valued 1-form 9 = (6 k ) , 

6 k ■= (y _1 )Jda^ = (y^ 1 dx) k , k = l,...,n (1.3) 

The basic horizontal vector fields for the above connection are 

d 

X k = k = l,...,n, where d M = , (1.4) 

and the fundamental vertical vector fields associated to the standard basis 
of g[(n,R), formed by the elementary matrices {El ; 1 < i, j < n}, have the 
expression 

d 

Y i=Vi d i, i,j = l,---,n, where 8^:=— u . (1.5) 

Let G :=W l x GL(n, R) denote the group of affine motions of W 1 . 

Proposition 1.1. The vector fields {X^, Y? ; i, j, k = 1, . . . , n} form a basis 
of left-invariant vector fields on the group G. 
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Proof. Represent G as the subgroup of GL(n + 1,R) consisting of the ma- 
trices a = w hh y G GL(n,R), and x G R n . Let {e k ,Ef ; i,j,fe = 

1, . . . , n} be the standard basis of the Lie algebra g := R ra x gl(n, R), and 
denote by {ek,E? ; i,j,k = 1, . . . , n} the corresponding left-invariant vector 
fields. By definition, at the point a, e k is tangent to the curve 

y x\ (1 te k \ = /y iye fe + x 

o iy Vo i y Vo i 

and therefore coincides with = ^ M y^<9^, while £^ is tangent to 

- o) 

which is precisely Y? = J2aVi ' '-' 

The group of diffeomorphisms G := Diff R ra acts on FW 1 , by the natural lift 
of the tautological action to the frame level: 

lp(x,y) := ((p(x),<p'(x) ■ y) , where <p'{x)) = dj ip\x) . (1.6) 

Viewing here G as a discrete group, we form the crossed product algebra 

A := C c °°(FR n ) x G. 

As a vector space, it is spanned by monomials of the form / U* , where 
/ G C c °°(FR n ) and U* stands for p" 1 , while the product is given by the 
multiplication rule 

h u;, ■ h u; 2 = /i(/ 2 o ^) u; 2V1 . (1.7) 

Alternatively, A can be regarded as the subalgebra of the endomorphism 
algebra C (C c °°(FR n )) = End c (C c °°(FR n )), generated by the multiplication 
and the translation operators 

M f (0 = /£, f€C?(FR n ),t€C?(FR n ) (1.8) 
= ^GG,£GC c °°(FR n ). (1.9) 

Since the right action of GL(n,R) on FW a commutes with the action of G, 
at the Lie algebra level one has 

U V Y?U; = YP, ^GG. (1.10) 
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This allows to promote the vertical vector fields to derivations of A. Indeed, 
setting 

Yitfu*) = Y t 3 (f)u;, fu;eA, (1.11) 

the extended operators satisfy the derivation rule 

YP(ab) = Y->(a)b + aY?(b), a,b&A, (1.12) 

We also prolong the horizontal vector fields to linear transformations X k € 
C (A), in a similar fashion: 

x k (fu$) = x k (f)u;, fu;eA. (1.13) 

The resulting operators are no longer G-invariant. Instead of (jl.lOp . they 
satisfy 

U;X k U v = X k -f jk (cp)Y/, (1.14) 

where 

Using the left-invariance of the vector fields X k and (j!.14jl , or just the explicit 
formula fll,15|) . one sees that <p \— > Jj k (<p) 1S a group 1-cocycle on G with 
values in C°°(FM. n ); specifically, 

7;k(¥>°V0 = 7jfc(v)°^ + 7j*(V0> V^eG. (1.16) 

As a consequence of (|1.14p . the operators X k G £ (.A) are no longer deriva- 
tions of A, but satisfy instead a non-symmetric Leibniz rule: 

X k {ab) = X k {a)b + aX k {b) + 5) k {a) Y?(b) , (1.17) 

where the linear operators <5* fc € C {A) are defined by 

WK) = -TjMfK- ( L18 ) 

Indeed, on taking a = fi U* , b = f2 U* , one has 

x k ( a ■ b) = x k {h u; x ■ h u; 2 ) = x k {h ■ u; x / 2 u vi ) u; 2ipi 
= x k {h) u* vi ■ h u; 2 + h u;, ■ x k (f 2 u; 2 ) 
+ h u;, ■ (u vi x k u* vi - x k ){f 2 u; 2 ) , 

which together with (|1.14p and the cocycle property (j!.16[) imply (jl.17)) . 
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The same cocycle property shows that the operators 5 l - k are derivations: 

5} k (ab) = 5} k (a)b + a5} k (b), a,beA, (1.19) 

The operators {X k , YJ} satisfy the commutation relations of the group of 
affine transformations of M. n : 

[Yi,Y*] = SlYf-SfYi, (1.20) 
[Y?,X k ] = SIX,, [X k ,X t ] = 0. 

The successive commutators of the operators <$*- fc 's with the Xg's yield new 
generations of 

SjklL.lr '■= [ X t r 1---[ X £l, S jk\---]^ ( 1 ' 21 ) 

which involve multiplication by higher order jets of diffeomorphisms 

sUh-uifK) ■= ijkh...iMfK> where ( L22 ) 

IjUi-eM '■= x tr'~ Xh {ljk(<P)) ■ 
Evidently, they commute among themselves: 

$kh..J r >4k>e 1 ...eJ = °- (1-23) 

The commutators between the Y^'s and <5*- fc 's, which can be easily obtained 
from the explicit expression (|1.15p of the cocycle 7, are as follows: 

More generally, one checks by induction the relations 

r 

\Xv > ^hnh-ir^ ~ ^hh h---is-\vj s+1 ...j r ~ $i ^hnh-jr • (-'-•24) 

The commutator relations (fL20|) . ([PI]) . p^23|) . ([Qij) show that the sub- 
space f) n of C(A) generated by the operators 

{X k , Yj, S i jkil __ Ir ;i,j,k,£ 1 ...£ r = l,...,n,reN} (1.25) 

forms a Lie algebra. 

We let Ti. n denote the unital subalgebra of C(A) generated by t) n . Unlike 
the codimension 1 case (cf. [6]), 7i n does not coincide with the universal 
enveloping algebra 2l(f) n ) when n > 2. Indeed, first of all the operators 
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^jkii l r are no ^ a ^ distinct; the order of the first two lower indices or of the 
last r indices is immaterial. Indeed, the expression of the cocycle 7, 

7 j fc M(*,y) = (y- l y x y(x)- 1 ) x p d,d v ^{x)y i ;y^ (1.26) 

is clearly symmetric in the indices j and k. The symmetry in the last r 
indices follows from the definition (jl.2ip and the fact that, the connection 
being flat, the horizontal vector fields commute. It can also be directly seen 
from the explicit formula 

7W..*»(*,y) = (1-27) 

= (y-%dp r ...dp, {^'{xr^d^ix)) y?y£y£ . . . y£ . 

Proposition 1.2. The operators SI..., satisfy the identities 

$j£k ~ S jk£ = fijk&si ~ tij£$tk- (1.28) 

Proof. These Bianchi-type identities are an expression of the fact that the 
underlying connection is flat. Indeed, if we let a, b S A and apply (|1.17p we 
obtain 

X f X k {ab) = X e X k (a)b + X k {a)X,(b) + 5) t {X k {a)) Y->(b) 
+ Xt(a)X k (b) + aX e X k (b) + Sj £ (a) Y? (X k {b)) 
+ X e (5 i jk (a))Yi(b) + 5) k {a)X,{Y^b)) + 5^ k (a))Y r s (Y^b)). 

Since [X^XJ = 0, by antisymmetrizing in k,£ it follows that 

5) f (X k (a))Y/(b) + 5) t {a)Y?{X k {b)) + X e (5* k (a))Y/ (b) 
+ S i jk (a)X t (Y>(b)) + 6rj6%(a))Y r s(Yi(b)) 
= Si k (X £ (a))Yi(b) + 5) k {a)Y^{X,{b)) + X k {5),{a)) Yj(b) 
+ 5 i ji (a)X k (Yi(b)) + 6l k (6* e (a))Y r °(Y/(b)). 

Using the 'affine' relations (jl.20p and the symmetry of 5 l - k in the lower 
indices one readily obtains the equation (jl.28p . □ 

In view of this result, the algebra TL n admits a basis similar to the Poincare- 
Birkhoff-Witt basis of a universal enveloping algebra. The notation needed 
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to specify such a basis involves two kinds of multi-indices. The first kind 
are of the form 

I = {ii<. ..<*;(£) <•••<(£)}, (1-29) 
while the second kind are of the form K = {k\ < . . . < K r }, where 

Ks = {j s < k s < £{<...<£;) ' s = 1 >---> r ; ( L3 °) 

in both cases the inner multi-indices are ordered lexicographically. We then 
denote 

Z I = X il ...X i Yil...Yil and 5 K = $ ^ . . . ^...^ . (1.31) 



Proposition 1.3. T/ie monomials 5k Zj , ordered lexicographically, form a 
linear basis ofTL n . 

Proof. We need to prove that if c/ )K E C are such that 

ci^cS K Z I {a) = 0, Vaei, (1.32) 

then c^x = 0, for any (I,K). 

To this end, we evaluate (jl.32p on all elements of the form a = fUt&t the 
point 

e = (x = 0, y = I) € FR n = R n x GL(n, R n ) . 
In particular, for any fixed but arbitrary ip E G, one obtains 

^{^c I>KlK ^){e) ) j{Z I f){e) = Q, V / £ C^°(FE n ) . (1.33) 

Since the Z/s form a PBW basis of 2t(IR n x gl(n,M)), which can be viewed 
as the algebra of left-invariant differential operators on FW l , the validity 
of (|1.33|) for any / G C^°(FR n ) implies the vanishing for each / of the 
corresponding coefficient. One therefore obtains, for any fixed /, 

a,KlK(v)(e) =0, V^eG. (1.34) 

K 
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To prove the vanishing of all the coefficients, we shall use induction on the 
height of K = {k\ < ... < K r }\ the latter is defined by counting the total 
number of horizontal derivatives of its largest components: 

1*1 = e 1 + --- + e Pr . 

We start with the case of height 0, when the identity (jl.34[) reads 
^ci,Kll kl (<p)(e)---f rkr (<f)(e) =0, V^GG. 

K 

Let Go be the subgroup of all ip S G such that ip(0) = 0. Choosing ip in the 
subgroup G( 2 )(0) C Go consisting of the diffeomorphisms whose 2-jet at 
is of the form 

1 n 

j,k=i 

and using (|1.26|) . one obtains: 

K 

It follows that all coefficients cj^k = 0. 

Let now N G N be the largest height of occurring in (|1.34|) . By varying ip 
in the subgroup G^ N+2 \0) C Go of all diffeomorphisms whose (N + 2)-jet 
at has the form 

^0 V+2 ( < ^) i ( x ) = x% + (JV+2)! ^2j,k,on,-,otN+2 £jk ai ...a N x ~ ' ' ' X ° N > 
Q kai ...a N G <£ nN+S > $ kai ...a N = ^ja ail) ...a^ V permutation a , 

and using (jl.27p instead of (|1.26p . one derives as above the vanishing of all 
coefficients c/ re with |«| = N. This lowers the height in (jl.34p and thus 
completes the induction. □ 

Let 23 denote the ideal of 2l(f) n ) generated by the combinations of the form 

fijtk ~ 3jk£ ~ fijk$le + %^sfc> (1.35) 
which according to (|1.28|) vanish when viewed in 7i n . 
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Corollary 1.4. The algebra Tt n is isomorphic to the quotient of the univer- 
sal enveloping algebra 2l(f) n ) by the ideal 25. 

Proof. Extending the notation for indices introduced above, we form multi- 
indices of the third kind, K' = {k^ < . . . < k[,}, which are similar to those 
of the second kind (jl.30[) except that we drop the requirement k s < £\, i.e. 

< = ( js < k s , £{<...<£;) ' * = 1 >-..,r. (1.36) 

We then form a Poincare-Birkhoff-Witt basis of 2l(f} n ) out of the monomials 
5k 1 Zi , ordered lexicographically. Let ir : 2l(f) n ) — > 7i n be the tautologi- 
cal algebra homomorphism, which sends the generators of f) n to the same 
symbols in Ti n . In particular, it sends the basis elements of 2l(f) n ) to the 
corresponding elements in 7i n 

it(5 K i Zi) = 5 K > Zi, 

but the monomial in the right hand side belongs to the basis of 7i n only 
when the components of all k' s £ K' are in the increasing order. 
Evidently, 25 C Ker-zr. To prove the converse, assume that 



ci,k> $k> Zi € Sl(f) n ) 



I,K> 

satisfies 

tt(u) = c i,K' Zi = 0. (1-37) 

I,K> 

In order to show that u belongs to the ideal 25, we shall again use induction, 
on the height of u. The height case is obvious, because the 0-height 
monomials remain linearly independent in 7i n , so ir(u) = implies ej = 
for each /, and therefore u = 0. 

Let now N > 1 be the largest height of occurring in u. For each K' of 
height N, denote by K the multi-index with the corresponding components 
k' s £ K' rearranged in the increasing order. In view of (jl.28p . one can replace 
each 5k> in the equation (jl.37p by 5k+ lower height, because the difference 
belongs to 25. Thus, the top height part of u becomes ci,k' &k Zi, 

i,\K\=n 

and so 

u = v + ^2 c i,K'$kZi (mod 55), 
I,\K\=N 
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where v has height at most N — 1. Then (jl.37p takes the form 
n(v) + c^k'^kZi = 0, 

I,\K\=N 

and from Proposition 11.31 it follows that the coefficient of each 8k Zj van- 
ishes. One concludes that 

u = v (mod 58). 

On the other hand, by the induction hypothesis, ir(v) = implies v G 25. □ 

In order to state the next result, we associate to any element h 1 ® . . . <g> h p £ 
H.® P a multi- differential operator, acting on A, by the following formula 

Tih 1 ® . . . ® h p ) (a 1 ® . . . <g> a p ) = h x {a x ) ■ ■ ■ h p (a p ) , (1.38) 
where h 1 , . . . , h p E H n and a 1 , . . . ,a p £ A; 

the linear extension of this assignment will be denoted by the same letter. 



Proposition 1.5. For each p£N, the linear transformation T : 7i® — ► 
£(A® P ,A) is injective. 

Proof. For p = 1, T gives the standard action of 7i n on A, which was just 
shown to be faithful. To prove that KerT = for an arbitrary p 6 N, 
assume that 

H = J2 h l®---® hP P eKerT. 
p 

After fixing a Poincare-Birkhoff-Witt basis as above, we may uniquely ex- 
press each hp in the form 

h P = (),. i i .k i 5 Kj Zi ■ with C p> i- t Kj £ C . 

Evaluating T(H) on elementary tensors of the form fiU* ± <g> ■ ■ ■ ® fpU^ p , 
one obtains 

E ^/i^--- c 'av^^i(^i(/i) c7 ; 1 )---^(^(/ p ) c/ ; p ) =°- 

Evaluating further at a point iii = (xi,yi) € FR" - , and denoting 
u 2 = ^i(ni) , . . . , u p = ^p_i(n p _i) , 
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the above identity gives 

Cpj uKl ---C p j p , Kp • 7Ki(<£i)(^i) • ■ • lK p {<Pp){u p ) 

p,I,K 

■ Z h (/!)(«!) ■■■Z Ip (f p )( Up ) = 0. 

Let us fix points u±, . . . , u p G FW 1 and then diffeomorphisms V>o> V'l; • • • j 
such that 

u 2 = Tpiim) ,...,u p = . 

Following a line of reasoning similar to that of the preceding proof, and 
iterated with respect to the points ui, . . . ,u p , we can infer that for each 
p-tuple of indices of the first kind . . . , I p ) one has 

C P,h,Ki ■■■Cp,I P ,K p ■lK 1 (<Pl)( u l)---lK p (.<Pp)(u p ) = 0. 

P,K 

Similarly, making repeated use of diffeomorphisms of the form 

ip k oip with (p <G G^ N \uk) , k=l,...,p, 
for sufficiently many values of N, we can eventually conclude that for any 

^2 C p j uKl ---C p j p , Kp = 0. 
p 

This proves that H = 0. □ 

The crossed product algebra A = C^°(FM. n ) xi G carries a canonical trace, 
uniquely determined up to a scaling factor. It is defined as the linear func- 
tional r : A — > C, 



r(fU*) = { 



/ / w , if ip = Id, 

(1.39) 



, otherwise . 



Here w is the volume form attached to the canonical framing given by the 
flat connection 

n 

w = y\ k A /\ Uj (ordered lexicographically) . 

fc=i (ij) 
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The tracial property 

r(ab) = r(ba) , Va, b € A, 

is a consequence of the G-invariance of the volume form w. In turn, the 
latter follows from the fact that 

!p*(9) = 6 and £*(u>) = u + 7 • 9 ; 

indeed, 

n n 

?V) = /\ fc a /\ ( w « + 7 j^)/) = |\8k^|\u J ). 

k=i a,j) ' fe=i (ij) 

This trace satisfies an invariance property relative to the modular character 
of 7i n . The latter, 5 : 7i n — > C, extends the irace character of g[(n,R), and 
is defined on the algebra generators as follows: 

5(Y>) = 6i, S(X k )=0, 5(5 l jk ) = 0, i,j,k = l,...,n. (1.40) 

Clearly, this definition is compatible with the relations (I1.28P and therefore 
extends to a character of the algebra TL Tl . 

Proposition 1.6. For any a,b £ A and h € Ti n one has 

r(h(a)) = 8(h) t(o). (1.41) 

Proof. It suffices to verify the stated identity on the algebra generators of 
TC n . Evidently, both sides vanish if h = 5 l - k . On the other hand, its restric- 
tion to the Lie algebra q = W 1 x g[(n, R) is just the restatement, at the level 
of the Lie algebra, of the invariance property of the left Haar measure on 
G = K n xi GL(n,R) with respect to right translations. □ 

Proposition 1.7. There exists a unique anti- automorphism S : Tt n — > Tt n 
such that 

T {h{a)b) = T{aS{h){b)), (1.42) 
for any h € TL n and a,b £ A. Moreover, S is involutive: 

S 2 = Id. (1.43) 
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Proof. Using the 'Leibnitz rule' (jl,12p for vertical vector fields, and the 
invariance property (|1.4ip applied to the product ab, a,b G A, one obtains 



T 



(Y/(a)b) = -r(oif (6)) + ^r(ab), Va,6e„4. (1.44) 



On the other hand, for the basic horizontal vector fields, (|1.17|) and (|1.4ip 
give 

r(X k (a)b) = -r(aX k (b)) -r(di k (a)Yi(b)) 

= -T{aX k {b))+T{a8) h {Y?(b)); K ' 1 

the second equality uses the 1-cocycle nature of 7* fc . The same property 
implies 

T (5) h (a)b) = -r(a<5j fe (6)), Va,beA. (1.46) 

Thus, the generators of TL n satisfy integration by parts identities of the form 
(Q2l) . with 

S(Y>) = -Yi + 4 (1.47) 
S(X k ) = -X k + 5} k Yi (1.48) 
S(S%) = -b) k (1.49) 

Since the pairing (a, b) i— > r(ab) is non-degenerate, the above operators are 
uniquely determined. 

Being obviously multiplicative, the 'integration by parts' rule extends from 
generators to all elements h E Tl n , and uniquely defines a map *S* ! 7~in 
satisfying (|1.42|) . In turn, this very identity implies that S is a homomor- 
phism from Tt n to 7^n P , as well as the fact that S is involutive. □ 



Relying on the above results, we are now in a position to equip TL n with a 
canonical Hopf structure. 

Theorem 1.8. There exists a unique Hopf algebra structure on TL n with 
respect to which A is a left TL n -module algebra. 

Proof. The formulae (I1.12p . (11.170 and (jl. 19[) extend by multiplicatively to 
a general 'Leibnitz rule' satisfied by any element h € TC n , of the form 

h(ab) = y~] h m (a) h (2 ) (b) , fyi) , fy 2 ) 6 H n , a,b G A (1.50) 

(h) 
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By Proposition 11.51 this property uniquely determines the coproduct map 
A : H -> H®H, 

A(h) = Y, h { l)®h {2) , (1.51) 
(h) 

that satisfies 

T(Ah)(a®b) = h{ab) . (1.52) 

Furthermore, the coassociativity of A becomes a consequence of the asso- 
ciativity of A, because after applying T it amounts to the identity 

h((ab)c) = h(a(bc)) , V h G H n , a,b G A . 

Similarly, the property that A is an algebra homomorphism follows from the 
fact that A is a left 7^ n -module. By the very definition of the coproduct, A 
is actually a left Jin-module algebra. 
The counit is defined by 

£ {h) = h(l); (1.53) 

when transported via T, its required properties amount to the obvious iden- 
tities 

h(a 1) = h(l a) = h(a) , V h G U n , a G A . 



It remains to show the existence of antipode. We first check that the anti- 
automorphism S is a twisted antipode, i.e. satisfies for any h G Ti, 

(U*S)(h):=Y h (i)S(h (2) ) = 8(h) 1, (1.54) 
(h) 

(S*ld)(h):=YS(h (1) )h {2) = 5(h) 1. (1.55) 

(h) 

Indeed, with a, b G A arbitrary, one has 

r(a8(h)b)) = r(h(ab)) = ^r(/ i(1) (a) h (2) (b)) = J>(c (S(h {1) )h (2) )(b)), 

(h) (h) 

which proves (|1.54j) . Similarly, but also using the tracial property, 
r(a5(h)b)) = r(h(ba)) = X>(fy2) (a) &(!)(*)) = £ r(a (5(/» (2) )/i (1) )(6)), 

or equivalently 

YS(h {2) )h {1) = 8(h) I; 
(h) 
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applying S to both sides yields (|1.55p . 

Now let 5 G Ji* n denote the convolution inverse of the character 5 G W*, 
which on generators is given by 

6(Y?) S>, 8(X k )=0, 6(6^ = 0, i,j,k = l,...,n. (1.56) 

Then S := 5 * S is an algebra anti-homorphism which satisfies the antipode 
requirement 

^2S(h (1) )h {2) = e(h)l = J2 h (D S ( h m) 

(h) (h) 

on the generators, and hence for any h G 7i n . □ 



1.2 The general case of a flat primitive pseudogroup 

Let II be a flat primitive Lie pseudogroup of local C°°-diffeomorphisms of 
W 71 . Denote by FnM m the sub-bundle of FW 71 consisting of the LT-frames on 
M. m . It consists of the 1-jets at € M n of the germs of local diffeomorphisms 
<j) G II. Since LT contains the translations, Fn^" 1 can be identified, by the 
restriction of the map (fL~T|) . to W n x G (II), where Go (II) C GL(m,M) is 
the linear isotropy group, formed of the Jacobians at of the local diffeo- 
morphisms (j) G LT preserving the origin. 

The flat connection on FW" 1 restricts to a connection form on i<nK m with 
values in the Lie algebra 0o(n) of Go (II), 

:= y _1 dy G g (n), y G G (II). 

The basic horizontal vector fields on i*nK m are restrictions of those on FW m , 

X k = Vk-^> k = l,...,2n, y = (yl) G G (II), (1.57) 
and the fundamental vertical vector fields are 

Yi = y^^-p, i,j = l,...,2n, y = (yf) G G (II); (1.58) 

when assembled into a matrix- valued vector field, Y = \ Y?) takes values in 
the Lie subalgebra 5o(n) C g[(m,lR). 

By virtue of Proposition 11.11 (|1.57[) . (jl.58p are also left-invariant vector 
fields, that give a framing of the group of affine II-motions G(II) := M. m x 

G (n). 
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The group G(n) := Diff(M m )nn of global n-diffeomorphisms acts on F n M m 
by prolongation, and the corresponding crossed product algebra 

A(n) := C™(F n R m ) x G(n) 

is a subalgebra of A. After promoting the above vector fields and Y? 
to linear transformations in C (^4.(11)), one automatically obtains, as in §1.11 
the affiliated multiplication operators 8 l - k € £(.4(11)), 

and then their higher 'derivatives' 5j kii ^ S C (.4(11)), 

These are precisely the restrictions of the corresponding operators in C(A), 
characterized by the property that the mxm-matrix defined by their 'isotropy 
part' is 0o(n)- v ahied: 

H...M) 1 < i , j < m e 0o(n) c [(m,R) , v e G(n). (1.59) 

They form a Lie subalgebra I) (II) of f) m and satisfy the Bianchi-type identi- 
ties of Proposition 11.21 

We let H(H) denote the generated subalgebra of C (.4.(11)) generated by the 
above operators, while 25(11) stands for the ideal generated by the identities 
(Q8D . 

Theorem 1.9. The algebra Ti(H) is isomorphic to the quotient of the uni- 
versal enveloping algebra 2t(f)(n)) by the ideal 25(11), and can be equipped 
with a unique Hopf algebra structure with respect to which ^4(11) is a left 
Ti(H) -module algebra. 

Proof. The proof amounts to a mere repetition of the steps followed in the 
previous subsection to establish Theorem 11.81 It suffices to notice that 
all the arguments remain valid when the isotropy-type of the generators is 
restricted to the linear isotropy Lie algebra flo(n). □ 

To illustrate the construction of the Hopf algebra T~i(Il) in a concrete fash- 
ion, we close this section with a more detailed discussion of the two main 
subclasses of flat primitive Lie pseudogroups: volume preserving and sym- 
plectic. 
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1.2.1 Hopf algebra of the volume preserving pseudogroup 

The sub-bundle F s R n of FM n consists in this case of all special (unimodular) 
frames on M. n , defined by taking the 1-jet at £ W 1 of germs of local 
diffeomorphisms <j> on W 1 that preserve the volume form, i.e. 

(^(dx 1 A • • • A dx n ) = dx 1 A ■ ■ ■ A dx 11 . 

By means of the identification CD]), F s R n ~ R n x SL(n,R). 

The flat connection is given by the s((n, R)-valued 1-form b lj = ( s w*) 

s u,j := u) = (y-%dy^ i^j = l,...,n; 

B uj := uj-u%, » = l,...,n-l. (1.60) 

The basic horizontal vector fields on F s M n are restrictions of those on FM n , 

s X k = y k d u , k = l,...,n, y € SL(n,R) 

while the fundamental vertical vector fields are 

B Y? : Y? = i / j 1 n, 

s Yf := l(YZ-YZ), i = l,...,n-l. 

By Proposition ll.il these are also the left-invariant vector fields on the group 
G s := W n x SL(n,R) associated to the standard basis of q s := R n x s[(n,R). 
The group G s := Diff (M n , vol) of volume preserving diffeomorphisms acts 
on F s M. n as in (jl.6p . and the corresponding crossed product algebra 

A s := C™(F s R n ) x G s 

is a subalgebra of A. 
The analogue of fll . 14f) is 

U; s X k U v = s X k - sl } k (cp) B Y> , (1.61) 

where 

sljk = Tife, j = !,■■■, n, an d 

s7ifc = ilk -Ink, i = l,...,n-l. 

One thus obtains the multiplication operators s^jkti f r e ^ (A s ), 
s^jkh.-lrifUy) = s7jke 1 ...i r ( ( P) fU*' 
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which continue to satisfy the Bianchi-type identities of Proposition 11.21 

Denoting by STL n the subalgebra of C (A s ) generated by the above operators, 
one equips it with the canonical Hopf structure with respect to which As 
is a left S"H n -module algebra. We remark that the Hopf algebra STC n is 
unimodular, in the sense that its antipode is involutive. 
The conformal volume preserving case is similar, except that the linear 
isotropy subgroup is CSL(n,R) = R + x SL(n,R). 



1.2.2 Hopf algebra of the symplectic pseudogroup 

Let G sp C G be the subgroup of diffeomorphisms of R 2n preserving the 
symplecting form, 

n = dx 1 A dx n+1 + • • • + dx 11 A dx 2n . (1.62) 

Denote by -F sp R 2n the sub-bundle of FM. 2n formed of symplectic frames on 
R 2n , i.e. those defined by taking the 1-jet at G R 2n of germs of local dif- 
feomorphisms (p on R 2n preserving the form Q. Via (jl.ip it can be identified 
to R 2n x Sp(n, R). In turn, Sp(n, R) is identified to the subgroup of matrices 
A G GL(2n,R) satisfying 

t A.J A = J, where J '= (1.63) 

while its Lie algebra sp(n,R) is formed of matrices a G gl(2n,R) such that 

'a J + Ja = 0, (1.64) 
Thus the flat connection is given by the 5p(n, R)-valued 1-form 

sp u := y _1 dy esp(n,R), yGSp(n,M), 
the basic horizontal vector fields on -F sp R 2n are restrictions of those on FR 2n , 



X k = y^dfj,, k = l,...,2n, y G Sp(n, 



and the fundamental vertical vector fields are given by the sp(n, R)-valued 
vector field ( sp Yf ) G sp(n,R) 

s P ^'=yf^, i,j = l,...,2n, yGSp(n,R). 

They also form a basis of left-invariant vector fields on the group G sp := 
R 2n x Sp(n,R) associated to the standard basis of g sp := R 2n x 5p(n,R). 
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The group G sp := Diff (W\ U) of symplectic difFeomorphisms acts on F sp ]R 2n 
by prolongation, and the corresponding crossed product algebra 

A sp := C™(F sp R 2n ) x G sp 

is a subalgebra of A. The vector fields S pXk and sp Y? extend to linear 
transformations in C (A sp ), and their action brings in multiplication opera- 
tors spS l j k£l ir € C(A sp ), 

We let SpH n denote the generated subalgebra of C {A sp ) generated by the 
above operators. It acquires a unique Hopf algebra structure such that 
.4 S p is a left SyH n -module algebra. Like SH n , the Hopf algebra SpH n is 
unimodular. 

The conformal symplectic case is again similar, except that the linear isotropy 
subgroup is CSp(n,M) = R+ x Sp(n,R). 

1.3 Hopf algebra of the contact pseudogroup 

We denote by G cn C G the subgroup of orientation preserving diffeomor- 
phisms of IR 2n+1 which leave invariant the contact form 

1 n 

a ■= -dx° + - ^(xVx n+i - x n+ W). (1.65) 

2 i=i 

The vector field Eq := do = satisfies iE (ct) = 1 and LE Q (da) = 0, 
i.e. represents the Reeb vector field of the contact structure. The contact 
distribution V := Ker a is spanned by the vector fields {E±, . . . , E2 n }, 

Ei = di-^x n+i E , E n+i = d n+i + ^x i E , l<i<n. (1.66) 

The Lie brackets between these vector fields are precisely those of the Heisen- 
berg Lie algebra i) n : 

[E i ,E j+n ]=5iE , [E o ,Ei]=0, [E ,E j+n ] = 0, i,j = l,...,n. 

This gives an identification of M. 2n+1 , whose standard basis we denote by 
{eo,ei, . . . ,e2n}, with the Heisenberg group H n , whose group law is given 
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by 

x * y = x + y + /3(x', y') e = (x° + y° + /?(x', y'), x', y') 

(1.67) 

where x = (x°, x\ . . . , x 2n ), y = (y°, y\ . . . , y 2n ) e H n = R 2n+ \ 
x ' = (x\...,x 2n ), y' = (y\...,y 2n )em 2n 

and 0(x r , y') = - ^(x i y n+i - x n+i y l ). (1.68) 
2 i=i 

Lemma 1.10. The vector fields {Eq, E\, . . . , -E^n} are respectively the left- 
invariant vector fields on H n determined by the basis {eo,ei, . . . , e2 n } of its 
Lie algebra f) n . 

Proof. Straightforward, given that in the above realization the exponential 
map exp : Fj n — ► H n coincides with the identity map Id : M 2n+1 — > M 2n+1 . □ 

We recall that a contact diffeomorphism is a diffeomorphism <fi : M 2n+1 — > 
IR 2n+1 such that </>*(Kera) = Kera, or equivalently (f>*(a) = fa for a 
nowhere vanishing function / : M 2n+1 — > R; cf> is orientation preserving iff 
/ > and is called a strict contact diffeomorphism if / = 1. 
In particular, the group left translations L a : Lf n — > H n , a £ Lf n , 

L a (x) = a*x = (a° + x + /?(a',x'), a' + x') VxeJJ„, 

are easily seen to be strict contact diffeomorphism. They replace the usual 
translations in M 2n+1 . Together with the linear transformations preserving 
the symplectic form : M. 2n x R 2n -> M 2n of (fL68jh 



5a(x) = (x°,Ax'), ^eSp(n,M), x' = (x 1 



,x 



they form a group of strict contact transformations which is isomorphic to 
H n x Sp(n, M). Indeed, one has 

(S A oL a )(x) =5 A (x + a° + /3(a , ,x / ), x' + a') 

= (x° + a + ( 9(a,x'),A(x / + a / )) = (x° + a + 0(Aa', Ax'), A(x' + a')) 

= ^S A (a)(5'A(x)) = (^S A (a) ° Sa)(x), 

therefore Sa ° L a o S^ 1 = AsVa)j a ^ so 

(L a o 5a) o (L b ° #b) = L a o (5a o L b ) o Sb = L a o (Ls A (b) Sa) ° Sfi 

= ^ a *s. 4 (b) ° Sab- 
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We shall enlarge this group the 1-parameter group of contact homotheties 
i G R+}, defined by 

to(x) = (t 2 x°,tx'), x G H n ; 

one has 

IM° Sa = Sa° Ht and m o L a = Z^a) ° Mt- 

We denote by G cnt the group generated by the contact transformations 
{L a , SU,//t; a 6 H n ,A G Sp(n,R),i G R+}. It can be identified with the 
semidirect product 

G cn H n x CSp(n,R), 

where CSp(n,M) = Sp(n, R) x R+ is the conformal symplectic group. Via 
the identification 

L a o S A o fi t = (a,A,t), a G H n , A E Sp(n,R), f G M^, (1.69) 
the multiplication law is 

(a, A, t) ■ (b, B, s) = (a * fiU0*t(b)), AS, is). (1.70) 

Besides the usual tangent bundle TR 2ra+1 , it will be convenient to introduce 
a version of it that arises naturally when the contact structure is treated 
as special case of a Heisenberg manifold (cf. e.g. [25J). Denoting by 7Z := 
TR 2n+1 /£> ij ne bundle determined by the class of the Reeb vector field 
modulo the contact distribution, the H-tangent bundle is the direct sum 
T H R 2n+1 := TZ © V. If G G cn is a contact diffeomorphism, then its 
tangent map at x G R 2n+1 , : T x R 2n+1 -> T0 (x) R 2n+1 , leaves the contact 
distribution T> invariant, and hence induces a corresponding H-tangent map, 
which will be denoted (f>f x : T^R 2n+1 -» T^ (x) R 2n+1 . 

Lemma 1.11. Given any contact diffeomorphism <p G G cn , there is a 
unique tp G G cn , such that ip = ip^ 1 o <ft has the properties 

r/>(0) = and i/jf = Id : T H R 2n+1 -> T H R 2n+1 . (1.71) 

Proof. Consider the H-tangent map 4% Q : T H R 2n+1 -> T^IR 2n+1 , where a = 
0(0). Then relative to the moving frame {E\, . . . , i?2n} fo r </>?o I ^ ■ 
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Do — * D a is given by a conformal symplectic matrix A^O) G CSp(ra,] 
with conformal factor ^(O) 2 > 0. Furthermore, one can easily see that 



^*o(eo) = ^(0) 2 ^ |a +w 9 



with Wfi, G V a 



and so the restriction ^ | 1Z : TZq — ► 7^ a can be identified with the scalar 
t0(O) 2 relative to the moving frame So of 1Z. 
Since A = t~7 l (0)^4^(0) G Sp(n,R), we can form 



L a ° Sa ° G 



0(0), 



t = fy(0), 



;i.72) 



and we claim that this (p G G cn fulfills the required property. Indeed, L 
has the expression 



-l, 



and therefore the matrix of i^*o : 
of <^ : T H M 2n+1 -> rHR 2n+1 , i.e. 



(L^o^x) = (t (O) 2 x°, ^(O)^x') 

2n+i r a M 2n+1 is the same as that 



(L a 1 o^)^ 



Thus, ip = cp 





... \ 


( ^(o) 2 


... \ 












V o 


J 


V o 





;i.73) 



satisfies ([TTIJl . 



To prove uniqueness, observe that if tp = L a o 5a ° £4 G G cn fulfills (jl.71|) . 



then a = and, since <p*o : Tq] 
A = Id and t = 1. 



»2n+l 



T IR 2n+1 is of the form ([L~T5]) . 



□ 



The subgroup of G cn defined by the two conditions in (jl.7ip will be denoted 
N cn . Lemma 11.111 gives a Kac decomposition for the group of orientation 
preserving contact diffeomorphisms: 



;i.74) 



Note though that the group N cn is no longer pro-unipotent. However, it 
has a pro-unipotent normal subgroup of finite codimension, namely 



U cn := {4> G iV cn | V(0) = 0, V*o 
this gives rise to a group extension 

Id -► C/ cn -» iV cn - 



Id : TnlR 2n+1 



ToM 2n+l 



n'2n 



o, 



(1.75) 
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with the last arrow given by the tangent map at 0. 

The decomposition (jl.74[) gives rise to a pair of actions of G cn : a left action > 
on G cn = G cn /N cn , and a right action < on N cn = G cn \G cn . To understand 
the left action, let (j) G G cn and <p = X x o Sa ° IH € G cn . By Lemma II . 1 1 1, 

(j) o (p = {(f) > (p) o if;, with <p > ip 6 G cn and ^ £ -^cn- 

Write (j)\> ip = L^o Sb ° Us- If in (| 1 -T2j) one replaces (j) by o ip then, 

A/,o^(0) = A (x)^(O) = t^(x)A, t^(O) = fy(x)*, 

hence 

> </? = ^(x) ° <S^(x)-iA (x)A ° /V 

Using the parametrization (jl.69p . the explicit description of the action can 
be recorded as follows. 

Lemma 1.12. Let (j) 6 G cn and (a, A,t) 6 G cn . T/ien 

0(x, A, t) := > (x, A, t) = (0(x), t^ 1 (x)^(x)A, i (x)t). (1.76) 

With the above notational convention, let R(b,B,s) denote the right transla- 
tion by an element (b, B,s) € Sp(n,R), and let <p G G cn . We want to un- 
derstand the commutation relationship between these two transformations. 
By (fLTUl) and (fTTBl . one has 

(4> ° J R( b ,B, s ))(x, A, t) = 0((x, A, t) • (b, B, s)) = 4>(x * S A (lH(b)), AB, ts) 
= (<f>(x * S A (lH(b))), tfWA+WAB, ty(x)ts) . 

On the other hand, 

(flfb.B,.) o$)(x,A,t) = (0(x), t^(x)^(x)A, fy(x)t) • (h,B,s) 
= (</>(x) *^ 1 (x)^ (x)A (^ (x)i (b)), t- 1 (x)^(x)A J B, fy(x)ts). 

Although these two answers are in general different, when b = they do 
coincide, and we record this fact in the following statement. 

Lemma 1.13. The left action of G cn on G cn commutes with the right 
translations by the elements of the subgroup CSp(n,R). 
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As in the flat case, we proceed to associate to the pseudogroup G cn of orien- 
tation preserving diffeomorphisms of R 2n+1 a Hopf algebra Tt(H cn ), realized 
via its Hopf action on the crossed product algebra «4.(LT CI1 ) = C°°(G cn ) x G cn . 
This type of construction actually applies whenever one has a Kac decom- 
position of the form (jl.lip . 

One starts with a fixed basis {Aj}i<j< m for the Lie algebra g cn of G cn . Each 
X £ flcn gives rise to a left-invariant vector field X on G cn , which is then 
extended to a linear operator on ^4(II cn ), 

x(fu;) = x(f)u;, 0eG cn . 

One has 

m 

U; Xi = A(4>) Xj , i = 1, • • • , m, (1.77) 

i=i 

with Y{{4>) g C°°(G cn ). The matrix of functions T(cp) = {y{{4>)) 1<f j<m 
automatically satisfies the cocycle identity 

T{<t> o i/>) = (T(0) o V) • r(V) , 0, V G G cn . (1.78) 

We next denote by A|(0) the following multiplication operator on ^4(Il cn ): 

AK/^) = (r(^)-^7^, i,j = l,...,m. 

With this notation, we define 7i(JL ca ) as the subalgebra of linear operators 
on ^4(II cn ) generated by the operators X k s and A|'s, i, j, k = l,...,m. In 
particular, Tin contains all iterated commutators 

Kk,..k r ■= [X kr ,...,[X kl ,Ai\---], 
i.e. the multiplication operators by the functions on G, 

n M ...kM)--= x ^---x k Mm, 4>^g. 

Lemma 1.14. For any a,b G .A(II cn ), one has 

X k (ab) = X k (a)b + Y.^k( a )X j (b)i (1-79) 

3 

A{(ab) = £aJ(o)AJ(&). (1.80) 

k 
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$2 Ul 2 , and assembling the AVs into a column 



x( a • b) = Mh u;, h u; 2 ) = x(/ a h u^) u; 2<f)1 = 

= x(/ x ) u; x h u; 2 + h / 2 u^u;^ = 

= x( a )b + f 1 u; i (u (f>1 xu; i )(f 2 )u; 2 = [using (d27D] 

= x(a)6 + / 1 c/ ( ; i r(0r 1 )x(/ 2 )[/; 2 = 

= X(a)6 + / 1 (r(^i 1 )o0 1 )?7J l X(/ 2 )t^ a = [using flT7SD] 

= X(a) 6 + A X(6) = X(a) b + A(a) X(6), 



which proves (jl.79[) . 

The identity (|1.80j) is merely a reformulation of the cocycle identity (jl.78p . 

□ 

As a consequence, by multiplicativity every h £ 7i(H C n) satisfies a Leibniz 
rule of the form 



Proposition 1.15. The operators AJ.„. satisfy the (Bianchi) identities 





(1.81) 



(1.82) 



where c l jk are the structure constants of g, 



ICIl; 




(1.83) 



Proof. Applying (fLT9|) one has, for any a,,b £ .A(n cn ), 



XiX^ab) = X i (X i (o)6 + J^Aj(o)X 8 (6)) 



X,(X»)& + ^A[(X»)X r (&) + ^(A|(a))X s (&) 



r 



s 



+ £(AJ(A<(a))* r (X a (&)) 
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and thus the commutators can be expressed as follows: 

[X^X^ab) = [X i ,X j ](a)b+J2^l(X j (a))X r (b) - ^ A|(X,(a)) X s (6) 

r s 

+ J>,(A*(a))X s (6) - ^Z i (A[(a))X r (6) + 

+ £(AT(AJ(a))X r (X a (&)) - ^(A£(Af(a))X r (X s (£>)) 

r,s r,s 

= [X u X 3 }{a)b - ^(A^(a)-A^(a))X r (6) + 

r 

+ £(A< r A$)(a) 

On the other hand, by (|1.83p . the left hand side equals 

J24jXi(ab) = 5]4.I f (a)H^4Aj( a )I fc (6) 

I 11 

= [X^X^b + Y^^^Xkib). 

Equating the two expressions one obtains after cancelation 

Ei 4 A "(«) X k(b) = ~Ek ( A !» - A* 4 (»)) X k (b) + 

+ EfcEr,*4( A ? A D(a)^(6)- 

Since a, & € -4,(11) are arbitrary and the X^s are linearly independent, this 
gives the claimed identity. □ 

Let S) cn be the Lie algebra generated by the operators X^ and A] fci kr , 
i,j,k\ . . . k r = 1, . . . , m, r E N. Following the same line of arguments as in 
the proof of Corollary 11.41 one can establish its exact analog. 

Proposition 1.16. The algebra 7Y(II cn ) is isomorphic to the quotient of 
the universal enveloping algebra U(S) cn ) by the ideal B cn generated by the 
Bianchi identities (11.821) . 

Actually, one can be quite a bit more specific about the above cocycles as 
well as about the corresponding Bianchi identities, if one uses an appropriate 
basis of the Lie algebra g cn . Recalling that g cn is a semidirect product 
of the Heisenberg Lie algebra f) n by the Lie algebra Q csp of the conformal 
symplectic group CSp(n,lR), one can choose the basis {Xj}i<j< m such that 
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the first 2n + 1 vectors are the basis {-Ei}o<i<2n of f) n , while the rest form 
the canonical basis {Y? , Z} of C sp> with Z central. By Lemma [1.131 for any 
4> G G cn , 

U;YU 4> = Y, Y£ Qcsp . (1.84) 

Thus, the elements of g csp act as derivations on .4(11), and therefore give rise 
to 'tensorial identities'. The only genuine 'Bianchi identities' among (|1.82p 
are those generated by the lifts of the canonical framing {Eq, E\, . . . , £"2™} 
of TH n to left-invariant vector fields {Xq,X\, . . . , X2 n } on G cn . 

Proposition 1.17. The left-invariant vector fields on G cn corresponding to 
the canonical basis of the Heisenberg Lie algebra are as follows: 

Xq \(*,a,s)= s 2 -^ = s 2 E 0l (1.85) 

2n 

Xj |(x,A»)= s zZ4 E ^ l<j<2n. (1.86) 

i=i 

Proof. We start with the lift of Eq. Since exp(ieo) = teo, one has for any 

F e C°°(G cn ), 

X F(x, A,s) = — \ t=0 F((x, 4, s) ■ (tea, Id, 1)) = 
= |t=o F(x * tSA(/i s (e )), 4, s); 
as Sa(^s(^o)) = s 2 eo, we can continue as follows: 

= j t \t=o F(x * ts 2 e , 4, s) = j t \ t =Q F(x° + ts 2 , x 1 ,..., x 2n ), A, s) = 

2 dF , a \ 
= s ^o(x,4, S ). 

This proves (|1.85j) . 

Next, for 1 < j < 2n, let Xj denote the lift of Ej to G C n- Again, using that 
exp(tej) = tej in H n , one has 

XjF(x, 4, s) = j t | t=0 F((x, 4, a) ■ (te j} Id, 1)) = 
= ^ U=o F{x * tS A (p>s(ej)), 4, s); 
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because SA(fJ-s(^j)) = sa.j, with a.j denoting the jth column in the matrix 
A, the above is equal to 

't=o F(x * tsa.j, A, s)-^ | t =o F((x° + is/3(x',aj),x' + tsaj), A, s) 



dt 
d 
dt 



o F(x° + | J2( xia ? +i ~ x 1 + ■■■,x 2n + tsa\ n ),A, s) 



i=l 



E 



- «',-<-" + 'l S(x, A s) + sf^a kJ ^(x, A, s). 



i=l 



J 



dx° 



Thus, 



k=l 



2/i 



9 



2 ^ 



i n+i i n+i 



k=l 



X a 



3 



a jX 



i=l v 7 i=l 

n 

s E(4^ + a T lE ^)i 



Q x n+i 

1 ; J?_ 

foft-H + 2 X 8x° 







8=1 



which is the expression in (11.86|) . 



□ 



Remark 1.18. The formulae (jl,85p . (jl,86p . which taken together are the 
exact analogue of the formula (|1.4j) . simply express the fact that the transi- 
tion matrix from the basis {Eq, E\, . . . , Em) to the basis {Xq, Xi,..., X2 n } 
of the horizontal subspace of T^ x ^ ^G cn = T^H n is precisely the matrix 



( s 2 



... \ 



sA 



J 



We now give a few examples the cocycles rj(^>) S C°°(G cn ), <j> S G cn , 
corresponding to the horizontal vector fields {Xq, X\,..., X2 n }- 
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Starting with Xq, one has 



(U;X Q U^)F{x,A,s) = (u; s 2 u, p )(u; 1 ^u (i) )F(y:,A, s 



dx° 



U(x) 2 s 2 



d 

— F(0- x (y), V 1 (y)~ V 1 (y) B > V 1 (y)*) I («x)^w-i^(x)a,^(x)^ 



t,(x)V (d x F- ^1 + d A F.^- (t 4> - 1 (y)- 1 A^(y))B + 



dy' 

i i v :-'^ ffl /• . '- 

dy° ' <9y 

+ dsF dyV (V^y) 2 ) J l(*(x),^(x)-i^(x)A,^(x)«) = 

+ t^i(y)- 1 a A F. A(^ l(y )) S+ 

+ ^ F ^o(^- 1 (y)) Z J IWx),^(x)-i^(x)A^(x) S ) • 

Taking into account that 

fy-i (0(x)) fy(x) = 1, A+-i (0(x)) A (x) = Id, (1.87) 
and -i^L(^(x)) = ^-i(0(x)) 2 = ^(x)- 2 , (1.88) 

one obtains after evaluation at (</>(x), i0(x) _1 ^i0(x)yl, i^(x)s) G G cn 
^X ^ = 

= X + f,(x)V £ ^!(<fr(x)) A - t,(x)V ^(x)) d A ■ A 

1=1 

(1.89) 

+ i (x) V d A • ^i(0( x ))^( x )A + ^(^(x)) **(*) 3 * 3 ^. (1-90) 



To find the cocycles of the form T^'s, with i = 1, . . . , 2n, we use (|1.66p to 
replace the partial derivatives by the horizontal vector fields, 

di = Ei + ^x n+i E , d n+i = E n+i --x i E , l<*<n, (1.91) 
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and rewrite the second term in the right hand side of (|1.90p as follows 

".™^*)v(£^(x>>^+ £ 

\i=l i=n+l / 

= «*(*) 2 *') X + t,(x) 2 s 2 £ ^^(0(x)) i*. 

8=1 

We next invert the formula (jl.86p . c/. Remark 11.181 

2n 

Ei\^, A ,s)= s-^diX,, l<i<2n, (1.92) 

i=i 

where (a*) = A -1 , to obtain 

JI term = ^(x) 2 /3(^^(0(x)), x')X + ^(x) 2 s £ ^l!(0( x ))a|x,. 



We have thus shown that 



r°(0)(x, A, s) = Id +^(x) 2 /3(^-^(0(x)), x'), (1.93) 

r* ^)(x,A, a ) = t (x) 2 S f;^^(0(x))d;., z = l,...,2n. (1.94) 

In particular, when restricted to V £ -^cn and evaluated at the neutral 
element e = (1, Id, 1) G G cn , these cocycles take the simple form 

r°(^)(0, Id, 1) = Id, (1.95) 

T^)(0, Id, 1) = (0), j = 1, . . . , 2n. (1.96) 

By comparison with the fiat case, these cocycles and their derivatives give 
the only new type of coordinate functions on the group ip € iV cn , all the rest 
being completely analogous to the r/* ,_. coordinates of (|2.24p . 

One last ingredient needed for the construction of the Hopf algebra, is pro- 
vided by the following lemma. 
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Lemma 1.19. The left Haar volume form of the group G cn is invariant 
under the action > o/G cn . 

Proof. Up to a constant factor, the left-invariant volume form of G cn is 
given, in the coordinates (|1,69|) . by 

w cn := a A da n A zu Sp A s -2(n+l)^ (1.97) 

where w§ p is the left-invariant volume form of Sp(N, R). Using the formula 
(I1.76P expressing the action of € G cn on G cn , in conjunction with the left 
invariance of w$ p and the fact that 

4>*{a Ada 11 ) = tf n+1) aAda n , 

one immediately sees that 4>*(m cn ) = w cn . □ 

As a consequence, we can define an invariant trace r = r cn on the crossed 
product algebra -4(II cn ) = C°°(G 

cn) ^ G cn by precisely the same formula 
(|1.39p . Furthermore, the following counterpart of Proposition 11.61 holds. 

Proposition 1.20. The infinitesimal modular character 5(X) = Tr(adX), 
X € g cn , extends uniquely to a character 5 = 5 cn ofH(H cn ), and the trace 
t = r cn is TC(Il cn )-invariant relative to this character, i.e. 

T (h(a)) = 5{h) T (a) , V a,b G A{U cn ). (1.98) 

Proof. On the the canonical basis of g cn , the character 5 takes the values 

5{Ei) = 0, < i < 2n, 8{Y?) = 0, and 5{Z) = 2n + 2; 
indeed, ad(£ , j)'s are nilpotent, Ad(l^ ,7 )'s are unimodular, and 

[Z, E ] = 2E , [Z,Ei] = Ei,Vl<i< 2n, [Z, Y] = 0, Vf € 0cn . 
The rest of the proof is virtually identical to that of Prop. 11.61 □ 

Finally, following the same line of arguments which led to Theorem 11.81 one 
obtains the corresponding analog. 

Theorem 1.21. There exists a unique Uopf algebra structure on 7Y(IT cn ) ? 
such that its tautological action makes A(H C n) a left module algebra. 



37 



2 Bicrossed product realization 

In this section we reconstruct (or rather deconstruct) the Hopf algebra af- 
filiated to a primitive Lie pseudogroup as a bicrossed product of a matched 
pair of Hopf algebras. In the particular case of Tii, this has been proved 
in [15], by direct algebraic calculations that rely on the detailed knowledge 
of its presentation. By contrast, our method is completely geometric and 
for this reason applicable to the entire class of Lie pseudogroups admitting 
a Kac-type decomposition. 

We recall below the most basic notions concerning the bicrossed product 
construction, referring the reader to Majid's monograph [23] for a detailed 
exposition. 

Let U and J- be two Hopf algebras. A linear map 

T : U — > U % J 7 , Ju = u <0> ® u <x> , 

defines a right coaction, and thus equips U with a right T-eomodule coalgebra 
structure, if the following conditions are satisfied for any u (zU: 



U <0> (1) ® U <0>( 2) <g> U K1> = U{1) 

<o> <0> <i> 

U(2) 

<1> 

(2.1) 

e(« <0> Kx>=€(u)l. (2.2) 

One can then form a cocrossed product coalgebra T X U, that has T ®U 
as underlying vector space and the following coalgebra structure: 

A(/ xu) = /(i) ►< u ( i )<0> /(2)U(i )<1> ►< u ( 2), (2.3) 
e(h X k) = e(h)e(k). (2.4) 



In a dual fashion, T is called a left U module algebra, if U acts from the left 
on T via a left action 

which satisfies the following condition for any u (zU, and /, g G T : 

u>l = e(u)l (2.5) 
u>(fg) = (u m >f)(u m >g). (2.6) 

This time we can endow the underlying vector space T ®U with an algebra 
structure, to be denoted by T XI U, with 1 X] 1 as its unit and the product 
given by 

(/ XI u)(g XI v) = f u ( i) >gX\ u (2) v (2.7) 
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U and T are said to form a matched pair of Hopf algebras if they are 
equipped, as above, with an action and a coaction which satisfy the fol- 
lowing compatibility conditions: following conditions for any u £ U, and 



any / £ T. 

e(« >/) = e(«)€(/), (2.8) 

A(u>/) = «(i) <0> o/(i) ®u m<1> (u (2 ) >/(2)), (2.9) 

▼ (1) = 1®1, (2.10) 

T(ut>) = n ( i) <0> u <0> ®n ( i) <1> (u(2) >«<!>), (2.11) 

U(2) <0> <g> (u(i) > /)«(2) <1> = U(x) <0> <8> U(i )<1> (u ( a) > /). (2.12) 



One can then form a new Hopf algebra T X\U, called the bicrossed product 
of the matched pair ; it has T X U as underlying coalgebra, T X\U 

as underlying algebra and the antipode is defined by 

S , (/X«) = (1X5(« <0> ))(5(/« <1> )K1), /ef,«E«. (2.13) 
2.1 The flat case 

As mentioned in the introduction, the matched pair of Hopf algebras arises 
from a matched pair of groups, via a splitting a la G.I. Kac |18| . 

Proposition 2.1. LetTl be a flat primitive Lie pseudogroup of infinite type, 
F]iE. m the principal bundle ofH-frames on W 71 . There is a canonical splitting 
of the group G = Diff(]R" 1 ) nil, as a cartesian product G = G ■ N , with 
G ~ F u M. m the group of affine U-motions ofR m , and N = {<ft £ G; 0(0) = 
0, 0'(O)=Id}. 

Proof. Let £ G. Since G contains the translations, then 0o := — 0(0) £ 
G, and 0o(O) = 0. Moreover, the affine diffeomorphism 

tp(x) := 0o (0) • x + 0(0), Vx £ M m (2.14) 

also belongs to G, and has the same 1-jet at as 0. Therefore, the diffeo- 
morphism 

ip(x) := <^ _1 (0(x)) = ^(O)" 1 (0(s) - 0(0)) , Vx £ R m (2.15) 
belongs to N, and the canonical decomposition is 

= <po^>, with </j £ G and ip £ N (2.16) 
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given by (|2.14p and (|2,15p . The two components are uniquely determined, 
because evidently G n N = {e}. 

□ 



Reversing the order in the above decomposition one simultaneously obtains 
two well-defined operations, of N on G and of G on N: 

ip o cp = (ip ></>) o (ip < 99), for ip £ G and ip G N (2.17) 

Proposition 2.2. The operation \> is a left action of N on G, and < is a 

right action of G on N . Both actions leave the neutral element fixed. 

Proof. Let ipi,ip2 £ N and 99 G G. By (|2.17p . on the one hand 

(ipx o^ 2 )o<p= ((^ o %p 2 ) 099)0 ([%p x o ip 2 ) < 99) , 
and on the other hand 

Ipl (^2 ° V 3 ) = ^1 (V>2 > V 3 ) ("02 < V 3 ) 

= (V'l > (lp2 > V 3 )) (V'l < (^2 > V 3 )) ° (lp2 < V 3 )- 

Equating the respective components in G and N one obtains: 

(V->i o V2) X/ 3 = 4>l > ("02 > V 3 ) G G, resp. (2.18) 
(i'lO^^y = (-01 < (02 > V 3 )) (^2 < v 3 ) e iV. (2.19) 

Similarly, 

O O (^2) = (-0 > (^ O 993)) O (0 < O 993)) , 

while 

(0 opi) 0993 = (0 > 9?l) O (0 O 991) o 992 

= (V> > </?i) o ((-0 < 991) > 99 2 ) o ((-0 < ip x ) < 992)) , 

whence 

<i (991 o 992) = (ip < <pi) < <f2 € N, resp. (2.20) 
0> (9210992) = (-0> 991) o ((ip<(pi) >if2) EG. (2.21) 

Specializing 99 = e, resp. = e, in the definition (|2.17p . one sees that e = Id 
acts trivially, and at the same time that both actions fix e. □ 
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Via the identification G ~ FnM m , one can recognize the action > as the 
usual action of diffeomorphisms on the frame bundle, cf. (|l,6p . 

Lemma 2.3. The left action > of N on G coincides with the restriction of 
the natural action of G on FjiW" 1 . 

Proof. Let <j> = tft > ip E G, with ip E N and ip E G. The associated frame, 
cf. (HU), is (0(O),0'(O)). By (EUD, 

^(y>(0)) = (^>^)((^<^)(0)) =0(0), 

since (?/> < (f)(0) = 0. On differentiating (|2.17p at one obtains 

^(p(0)) V(o) = (V>^ / ((^<^(0))-(V<y) / (0) = (V^)'(O) = 0'(O), 

since (^ < p)'(0) = Id. Thus, (0(O),0'(O)) = ^(<p(0), ^'(0)) , as in the 
definition (fT~H|) . □ 



Definition 2.4. T/ie coordinates of ip £ N are the coefficients of the Taylor 
expansion of ip at E K m . TTie algebra of functions on N generated by these 
coordinates will be denoted J-(N), and its elements will be called regular 
functions. 

Explicitly, T(N) is generated by the functions 

a )hh-jM) = 9 Jr ■ • • d h d i^ l< y x ) U=o, 1 < i,3,3i,h, • • • , 3r < m, ip E N; 

note that a^(ip) = 5j, because ip'(0) = Id, while for r > 1 the coeffi- 
cients a* - ■ ■ (ip) are symmetric in the lower indices but otherwise arbi- 
trary. Thus, J~(N) can be viewed as the free commutative algebra over C 
generated by the indeterminates {alL- ; 1 < ji-,32, ■ ■ ■ >ir < m }- 

The algebra T := T{N) inherits from the group N a canonical Hopf algebra 
structure, in the standard fashion. 

Proposition 2.5. With the coproduct A : T — > J 7 <8> J 7 , antipode 
S : T ^ T , and the counit e : T — > C determined by the requirements 

A(/)(^ 2 ) = ftyxofa), V^^EiV, (2.22) 

S(/)M = /0T 1 ), V^GiV, V/G.F, 

*(/) = /(e), 
J~(N) is a -ffop/ algebra. 
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Proof. The fact that these definitions give rise to a Hopf algebra is com- 
pletely routine, once they are shown to make sense. In turn, checking that 

A («ki 2 ...>) e ? ® ? and S ( a )h32-jr) (2.23) 

only involves elementary manipulations with the chain rule. For instance, 
in the case of a*- fe the verification goes as follows. First, for the coproduct, 

A(a l jk )(ipi,ip 2 ) = Ojk&i i>2) = djdki^! o i/j 2 ) 1 (x) \ x=0 
= d 3 {(d^\)(Mx))d k ^(x)) \ x=0 
= (d v d^ip\)(ip 2 (x)) \ x=0 djip^(x) \ x=0 d k ip^(x) \ x=0 + 

+ (d^Kfaix)) \ x=0 djd k ^{x)) \ X=Q 
= d j d k Tp{(x) \ x=0 +djd k ipi(x) \ x =o= (a* k ® 1 + 1 <g> a\ fc )(V>i, ifa), 

where we have used that ^i(O) = ^2(0) = and V4(0) = ip' 2 (0) = Id. 

To deal with the antipode, one differentiates the identity ip~ 1 (ip(x)) = x: 

5) = d j {{^- l )\^{x))) =d x ^- l )\^{x))d J i ) \x), 

which yields under further differentiation 

d^dx^-'TWx)) d k ^(x) d^ x (x) + dxdj-'TWx)) d k d^\x) = o ; 

evaluation at x = gives a* fc (^ _1 ) + a!- fc (V0 = 0- 

Taking higher derivatives one proves (|2.23p in a similar fashion. □ 

We shall need an alternative description of the algebra which will be used 
to recognize it as being identical to the Hopf subalgebra of T~C(H) generated 
by the ^ ^'s. 

Lemma 2.6. The coefficients of the Taylor expansion of ip at e £ G, 

rf Mx ..iM ■= l)u x ..i T (^)(e), ip £ N, (2.24) 
define regular functions on N , which generate the algebra J-(N) . 
Proof. Evaluating the expression (|1.27p at e = (0, Id) £ FjiW 11 gives 

l) k l x ..l T W(e) = d £r . . . % {^'{xr^ld.dkVix)) | x=0 . (2.25) 



42 



The derivatives of ^'(^O -1 are sums of terms each of which is a product of 
derivatives of ip'(x) interspaced with itself. Since ip'(0) = Id, the 

right hand side of (|2.25|) is thus seen to define a regular function on N. 
A more careful inspection actually proves the converse as well. First, by the 
very definition, 

rf jk = a) k . (2.26) 

Next, one has 

= dtijtfix)- 1 )^ l^odjdk^ix) \ x=0 +did k d^\x) \ x=0 ; 
on differentiating (ift'(x)~ ) l lx d v ip ,J '{x) = 5 % u one sees that 

8 t ((^(x) _1 )t) U=o +d t d v ip i {x) \ x=0 = 0, 

and therefore 

VjkiW = a)ktW ~ °&,U>)<*jkW- ( 2 - 27 ) 
By induction, one shows that 

VjMl..J r = a jkil..Jr + Pjkll..J. r { a> tlV> ■ ■ ■ > a rcrp 1 ...p r - 1 )' (2.28) 

where Pj k % x £ r is a polynomial. The triangular form of the identities (|2.26[) - 
(|2.28|) allows to reverse the process and express the a l j kii ^'s in a similar 
fashion: 

a jk£i..A r = Vjkh-£r + Qjkh-Jr^pul ■ ■ ■ ! r lT<jpi...p r -i)- (2.29) 

□ 

Let W(Il) a b denote the (abelian) Hopf subalgebra of TC(IV) generated by the 
operators {Sj ktl ir ] 1 < k,£i, . . . ,£ r < m}. 

Proposition 2.7. There is a unique isomorphism of Hopf algebras 
l : 7i(n)^ p — > J-(N) with the property that 

Wjki^Xr) = VjktL.Jr* Vl<i,j,k,e u ...,t r <m . (2.30) 
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Proof. In view of f|2.26[) - (|2.27j) . the generators Vjkii t r satisfy the analogue 
of the Bianchi identity (jl.28p . Indeed, 

Vjkt ~ Vjik = a )ht ~ a £ P a jk ~ a )ik + a k P a j£ = rfkprfi - rfiprfk- 

From Theorem 11.91 (or rather the proof of Corollary II. 4|) it then follows that 
the assignment (|2.30p does give rise to a well-defined algebra homomorphism 
t : H(II) a b — > F(N), which by Lemma I2U1 is automatically surjective. 
To prove that i : W(II) a b — > 3~(N) is injective, it suffices to show that the 
monomials {r]x] K = increasingly ordered multi-index}, defined in the same 
way as the 5k 's of the Poincare-Birkhoff-Witt basis of T~C(Ji) (c/. Proposition 
ll.3p . are linearly independent. This can be shown by induction on the 
height. In the height case the statement is obvious, because of (I2,26p . 
Next, assume 

^2 °J VJ + ^ C K VK = 0. 

|J|<AT-1 \K\=N 

Using the identities (|2.28p and (|2.28[) . one can replace t]k by ax+ lower 
height. Since the a£....'s are free generators, it follows that ck = for each 
K of height N, and thus we are reduced to 

\J\<N-1 

the induction hypothesis now implies cj = 0, for all J's. 

It remains to prove that i : 'H(n)^ p — > J-(N) is a coalgebra map, which 
amounts to checking that 

^(A^.iJ = A"",/;,, (2.31) 

Recall, cf. (fLoTT) . that A : H(U) -> HQJ)®H(Il) is determined by a Leibniz 
rule, which for 5j kil ir takes the form 

^■■iMM*) = Ef 5 ^)^^)- <k,<h g g, 

which is equivalent to 

7^.^,(^0 01) = Y, c f B ^A^)^B(<p2)o^. (2.32) 
Restricting (|2.32|) to ^1)^2 € ^ an d evaluating at e € G, one obtains 

□ 
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The right action < of G on N induces an action of G on T(N) , and hence a 
left action > of U(q) on T(N), defined by 

(X>f)(ij) = j t \ t= of^<exptX), feF, Xeg. (2.33) 

On the other hand, there is a natural action of U(g) on H(II) a b, induced by 
the adjoint action of q on f)(n), extended as action by derivations on the 
polynomials in Sj kti ^ 's. In order to relate these two actions, we need a 
preparatory lemma. 

Lemma 2.8. Let p € G and <p E G. Then for any 1 < i, j, k, £x, . . . , £ r < m, 

4..*^°^) = (2-34) 
Jjkh-.xM f) = Jjkh-eM) ° & ( 2 - 35 ) 



Proof. Both identities can be verified by direct computations, using the 
explicit formula (|1.27p for 'Jjki-i i r > m conjunction with the fact that p has 
the simple affine expression p(x) = a • x + 6, a G Go (II), b £ M m . 
An alternative and more elegant explanations relies on the left invariance of 
the vector fields X^, cf. Proposition 11.11 The identity (|2.34p easily follows 
from the co cycle property (|1.16p and the fact that p is affine, 

l]k{v°4>) = Ijkh-M ^ + = 7j*(0), 

because Jj k (p) = 0. To check the second equation one starts with 

7jfc(</> <P) = 7jk(<P) <P + ijk(<P) = 7jk(<P) <P, 

and notice that the invariance property U V XU* = X, for any X E q, 
implies 

X{^ k (<P)op) = X(^ k (c(>))o<p. 

□ 

We are now in a position to formulate the precise relation between the 
canonical action of U{q) on 7^(II) a b and the action > on J-{N). 

Proposition 2.9. The algebra isomorphism i : 7^(II) a b — > J~(N) identifies 
the lA{o)-module TOJI)^ with the U{o)-module J-{N). In particular J~(N) 
is U(g) -module algebra. 
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Proof. We denote below by (ft the 1-parameter subgroup exptX of G cor- 
responding to X G 0, and employ the abbreviated notation rj = rf- Mi ^, 
7 = ji- MiM j r . From (|2~33D it follows that 

whence 

(X > 77)^) = ^ |t=o ri{$ <(pt) = ^ |t=o 7(V> ^)( e )- 
Now using (I2.35L one can continue as follows: 

^ \t=o <Pt)(e) = j t \t=o 7(-0)(^(e)) = X(7(^))(e). 
By iterating this argument one obtains, for any u £ U(q), 

(u>Vjki 1 ..i r )W = u(ijke 1 ..JrW))( e )> ip £ N. (2.36) 

The right hand side of (|2.36p . before evaluation at e 6 G, describes the 
effect of the action of u S 14(b) on 6j Mi £r € 7^(n) a b. In view of the 
defining relation (|2,30p for the isomorphism l, this achieves the proof. □ 



We proceed to equip U(q) with a right J r (A r )-comodule structure. To this 
end, we assign to each element u € U(q) a ^/(g)-valued function on N as 
follows : 

(Ju)(ip) = u{ip)(e), where u(ip) = U^uU^. (2.37) 

We claim that Tu belongs to U(g) (8> F(N), and therefore the above assign- 
ment defines a linear map T : — > (8> F(N). Indeed, let be 
the PBW basis of defined in §5, cf. (OT|) . We identify W(g) with the 
algebra of left-invariant differential operators on G, and regard the Zj's as 
a linear basis for these operators. In particular, one can uniquely express 

U f Z T U; = J2 PiM Zj, TpeN, (2.38) 
J 

with j3j(i[)) in the algebra of functions on G generated by {t^WO}- The 
definition (|2.37p then takes the explicit form 

lZ I = Y J Zj®Cj, where CjW=#W(e). (2.39) 
J 
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For example, by (jl.lOp . (|1.14p and (|1.16p . one has 

WYj = Yj ® 1, (2.40) 
VX k = X k ®l + Yj ® rf jk . (2.41) 

Thus, T : U(s) -» W(fl) ® ^"(JV) is well-defined. 

Lemma 2.10. T/ie map T : U(q) —> U(q) (g) T(N) endows U{q) with a 
J-{N)-comodule structure. 

Proof. On the one hand, applying (|2.38p twice one obtains 

= E (E/tf^wr 1 /^)) ^ ( 2 - 42 ) 

while on the other hand, the same left had side can be expressed as 

U M2 ZjU;^ 2 = J2^(^MZ K ; (2.43) 

K 

therefore 

Pi = ^PjfMtfMo^ 1 - (2-44) 

J 

By the very definition (|2.39p . the identity ()2.42p gives 

(T ® ld)(vZ T ) = Y, Z K ® E <J ® 

A" J 

while the definition (f2T22j) and (gjMl> imply 

A C f = E#®c/. 

J 

One concludes that 

(T®Id)(TZ / ) = J2Z K ®Y(? = (Id(g)A)(TZ 7 ). 

A' 

□ 
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Proposition 2.11. Equipped with the coaction ▼ : U(g) — > U(g) (g> ^(N), 
U(q) is a right J 7 (N)-comodule coalgebra. 

Proof. It is obvious from the definition that, for any u G 

^<o>)«<i> = ( 2 - 4 5) 
We just have to check that 

u <0> (i) ® u <0> ( 2) <g> u <x> = u ( i) <0> <8> u (2 ) <0> <8> <!> u (2 ) <!> . (2.46) 
In terms of the alternative definition (|2.37j) , this amounts to showing that 
A((T«)(^)) = T(Au)(^), V^GiV, (2.47) 

where 

(▼(Au))(^) := Au(ip)(e,e), with An(^) = (Efy ® Efy) An (E/J ® t/J). 

To this end we shall use the fact that, as it follows for instance from Propo- 
sition 11.51 the decomposition An = urn §5 ^(2) is equivalent to the Leibniz 
rule 

u(ab) = W(i)(o)«( a )(6), Va,6GC°°(G). 

Thus, since 

fi(^)(a6) = ^n(c/;(a)C/;(6)) = ^(« (1) (^(a))u (2) (C/;(6))) 
= (U^u m U^)(a) = (Efyup) = ^C0)(a)«(2)W( 6 ); 

evaluating at e G G, one obtains 

(▼u)ty)(a&) = (▼«(!)) W(a)(V«(2))W(6), Va,&eC°°(G), 
which is tantamount to (|2.4T[> . □ 
Lemma 2.12. For any u, v G ?7(fl) one has 

j(uv) = u w<0> v <{)> (8)U(2) <1> (u( 2 ) >«<!>) (2.48) 

Proof. Without loss of generality, we may assume u = Zj, v = Zj. By the 
definition of the coaction one has 

u(v) = cfy « c/; = P?WZk, vty) = u^vu; = ^WZl, 
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which yields 

L L 

L 

where the last equality follows from (|2.47| . Denoting 

M N 

one can continue as follows: 

L,M,N 

Evaluating at e, one obtains 

▼ M = Yl C^WZMeiPjmC^WZNeZLe; 
L,M,N 

taking into account that U(q) is co-commutative, this is precisely the right 
hand side of (E3B1) . □ 

Lemma 2.13. For any u € U{q) and any f E J~(N) one has 

A(u>f) = u ( i) <0> > /(i) (g) n ( i) K1> (up) > / (2 ) ) (2.49) 
Proof. By Proposition 12.71 we may assume / £ F(N) of the form 

/W = /W(e), 

with / in the algebra generated by {7]^ ^ r ; 1 < i,j,k,£i, . . . ,£ r < m}. 
Then 

A(u >/)(</>!, ^2) = («>/)(^io^) = tt (/(^o^))(e). (2.50) 

Now / corresponds to an element 5 S 7i(II) a b, via the ^/(g)-equivariant 
isomorphism i : 7^(II)^ P — > T(N); explicitly, 

%[/;) = <?£/;. 
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Accordingly, 

mo^u;^ = 6(u^u^) = ~s i i)(u; 2 )~6 (2) (u; l ) = 
hi02)u; 2 f m ^i)u;, = / (1 )(v 2 ) (/(ajWo^) u; 2 u; v 

whence 

fbPi °^2) = /(l)(^2) (/(2)C0i) 0^2) • 
Thus, we can continue (|2.50p as follows 

A(U>/)(V>1,V>2) = u(/(l)(^)(/(2)(^l)°$j)) (e) = 

W(i)(/(i)(^2))(e)«(2) (/(2)(V"i) $2)) (e) = 

W(l)(/(l)(^a))(e)«(2) (/(2)(^i) (V^V)) = 
«(l)(/(l)(^j))(e) (*fy2«(2)#y (/(2)(V>i))(e). 

Since t switches the antipode with its opposite, the last line is equal to 

(«(1) >/(2)) (-02)^(2) <x> (^2) («(2)<o> »/(l))C0l)- 

Remembering that is co-commutative, one finally obtains 

A(«>/)(^1,^) = («( 2 ) >/( 2 ))(^j) (-02) («(D <0 > >/(l))(^l)- 

□ 

Proposition 2.14. T/ie //op/ algebras U := f7(fl) and J 7 := F(N) form a 
matched pair of Hopf algebras. 

Proof. Proposition 12.91 together with Proposition 12.111 show that with the 
action and coaction d defined in (|2.33p and (|2.3Tj) T is U module algebra 
and U is a comodule coalgebra. In addition we shall show that the action 
and coaction satisfy (|2.8p . . . (|2.12p . Since U is cocommutative and T is 
commutative (I2.12P is automatically satisfied. The conditions (12. 9h and 
(|2.1ip are correspondingly proved in Lemma 12.131 and Lemma l2.12i Finally 
the conditions (|2.10p and (12. 8p are obviously held. □ 

Now it is the time for the main result of this section. 
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Theorem 2.15. The Hopf algebras 7Y(II) cop and J- X\ U are isomorphic. 

Proof. Proposition II .31 provides us with 5k Zj as a basis for the Hopf algebra 
H := n(U) c °P. Let us define 

1 : U -» T K W, 

by X(5kZi) = l(5k) ►< Zj, where t is defined in Proposition 12.71 and 
linearly extend it on Tt. First let see why I is well-defined. It suffices to 
show that the 2 preserves the relations between elements of IA and T. Let 
leg and / G J 7 , by using Proposition 12.71 we have 

l(Xf - fX) = t(Xf -fX)Kl = 

X> f K 1 = K X) - (1 K X)( t (/) X] 1) = 2(X)X(/) - T(/)X(X). 
Now we show X is injective. 

This can be shown by induction on the height. In the height case the 
statement is obvious because because of (I2.26P and the fact that a* fc ® Zi 
is part of the basis of T X\ U. Next, assume 

^ CJ J VJ® z i+ Ck ' L Vk® Z l = 0. 

\J\<N-1 |A"|=JV 

Using the identities (|2.28p and (|2.28|) . one can replace r\x by ok+ lower 
height. Since the a\ ,'s are free generators, it follows that ckl = f° r each 
K of height N, and thus we are reduced to 

^ cjj r]j®Zi = 0; 
\J\<N-1 

the induction hypothesis now implies cjj = 0, for all J, 7's. 

So 7i and T ►< U are isomorphic as algebras. We now show they are 

isomorphic as coalgebras as well. It is enough to show I commutes with 

coproducts. 

Ajr^il^u)) = Ajr^ W (l K«) = 1 ►< U(l) <0> ® U W<1> X] U { 2). 

On the other hand let U(i) <g> U V U(2)U* = U(i) ® ^ !3 I {(p)Zi. We have 

u (fu; g u;) = 
u(f 9 o<p)u;u; = 

U(i)(f)u (2) {g o <p)TJ*Ul = 

u w (f)u;u v u i2) u;(g)u; = 
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which shows that A^co P (n) = 1 (^(2) <1> ) ®U(2) <0> - Since U(g) is 

cocommutative one has (I <g> T)A^(u) = Ajf^ c] ^(T(u)). □ 

2.2 The non-flat case 

We now take up the case of the contact pseudogroup II cn , in which case the 
Kac decomposition is given by Lemma 1 1 . 1 1 1 

As in the flat case, we define the coordinates of an element ip € iV cn as being 
the coefficients of the Taylor expansion of ip at G R 2n + , 

a )hh-jM) = d ir ■ ■ ■ djidj^ % {x) \ x=0 , < •••,>< 2n. 

The algebra they generate will be denoted J-(N cn ). It is the free commuta- 
tive algebra generated by the indeterminates {a) „■ • „• ; < i, j, ji, j 2 , • • • , jr < 
2n, r & M.}, that are symmetric in all lower indices. 

Proposition 2.16. JF(iV cn ) is a Hopf algebra, whose coproduct, antipode 
and counit are uniquely determined by the requirements 

A(/)(^ 2 ) = V^.^eJNU (2.51) 

e(/) = /(e), V/G^(iV cn ). 

Proof. The proof is almost identical to that of Proposition 12.51 There are 
2n new coordinates in this case, namely a % , i = 1, . . . ,2n. for which one 
checks that the coproduct is well-defined as follows: 

2n 

= d^\(M^))d^) + ^a^i(^(o))a v J 2 (o) = 

2n 

= a ^(o)aoV2 (o) + ^5^1(0)50^(0) = 

3=1 

2n 

= a vi(o) + Y, si j d o4(Q) = «(o) + d 4(0) = 
= (4®l + l®oj)(^i,^).; 

we have been using above the fact that, for any ^ E A^ cn , 
^(0) = 0, and ^f(0) = Id. 
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Taking tpi = t/j , ip2 = ty, one obtains from the above 

a h(i'~ 1 ) + Q o(V0 = 0, hence Sa l Q = -a? . 

□ 

Lemma 2.17. The coefficients of the Taylor expansion of if) at e G N cn , 

rf 3kl ...kM ■= r k...fc r (^)( e )' ^ € ^n, (2.52) 
define regular functions on N cn , which generate the algebra ^{N^). 
Proof. The formula (|1.96p shows that 

rfo = -«o> i = 1,... ,2n, 

while 

77) = <5j = aj, z,j = l,...,2n. 
To relate their higher derivatives, we observe that, in view of (jl.85p . (|1.86p 

Xki ■ ■ ■ Xk r | (0,ld,l) = -E*! • • • Ek r |(0,ld,l)i 

on the other hand, it is obvious that the jet at with respect to the frame 
{Eo, . . . , E2n} is equivalent to the jet at with respect to the standard frame 
{8q, . . . ,d2n}- This proves the statement for the 'new' coordinates. For the 
other coordinates the proof is similar to that of Lemma 12.61 □ 

This lemma allows to recover the analog of Proposition 12.71 by identical 
arguments. 

Proposition 2.18. There is a unique isomorphism of Hopf algebras 
i : W(II cn )^ p — > ^(Ncn) with the property that 

^jkL.-kr) = r /jfci...fc r > <i,j,k 1 ,k 2 ,...,k r <2n. 

Next, one has the tautological counterpart of Lemma 12.81 
Lemma 2.19. Let <p G G cn and 4> S G cn . Then 

rk...*>°0) = ^...jjoi 

r }fe!...fe r (0 ° </>) = FjkL.-kM) ° ( P- 
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Proof. As is the case with its sibling result, this is simply a consequence of 
the left invariance the vector fields {Xq, . . . , X2 n }. Q 



In turn, the above lemma allows to recover the analog of Proposition 12.91 

Proposition 2.20. The algebra isomorphism i : 7^(n cn )^ p — > J-(N cn ) iden- 
tifies the U{g cn ) -module 7^(n cn ) a b with the U(g cn )-module ^(N^). In par- 
ticular ^(iVcn) is U(g cn ) -module algebra. 

Furthermore, U(g cn ) can be endowed with a right jF(iV cn )-comodule struc- 
ture T : U(g cn ) — > ^(Scn) ® 3~"(N cn ) in exactly the same way as in the flat 
case, cf. (|2.37p . Lemma \2.10\ and is in fact a right ^ r (A r cn )-comodule coal- 
gebra (comp. Prop. I2.1ip . Likewise, the analog of Proposition [2.141 holds 
true, establishing that U (g C n) and F(N cn ) form a matched pair of Hopf alge- 
bras. Finally, one concludes in a similar fashion with the bicrossed product 
realization theorem for the contact case. 

Theorem 2.21. The Hopf algebras H(Il cn ) cop and ^(iV cn ) Xi U(g cn ) are 
canonically isomorphic. 

3 Hopf cyclic cohomology 

After reviewing some of the most basic notions in Hopf cyclic cohomology, 
we focus on the case of the Hopf algebras constructed in the preceding 

section and show how their Hopf cyclic cohomology can be recovered from a 
bicocyclic complex manufactured out of the matched pair. We then illustrate 
this procedure by computing the relative periodic Hopf cyclic cohomology 
of TL n modulo g[ n . For n = 1, we completely calculate the non-periodized 
Hopf cyclic cohomology as well. 

3.1 Quick synopsis of Hopf cyclic cohomology 

Let TC be a Hopf algebra, and let C be a left ^-module coalgebra, such that 
its comultiplication and counit are 7^-linear, i.e. 

A(hc) = /i(i)C(i) <8> /i(2)C( 2 ), e(hc) = e(h)e(c). 

We recall from |16j that a right module M which is also a left comodule 
is called right-left stable anti-Yetter-Drinfeld module (SAYD for short) over 
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the Hopf algebra 7i if it satisfies the following conditions, for any h € H, 
and m € M : 



m-m = m 

<o> <-l> 



(mh) < — > ® (m/i) <5> = 5(/i( 3 ))m < _ > /i(i) ® m <ff> /i (2 ) , 

where the coaction of H was denoted by TmW = m — ® m _ . 

^ \ / <— i> <o> 

Having such a datum (TC,C,M), one defines (c/. [T7j) a cocyclic module 
{C^(C, M),di,aj,T} n > as follows. 

r:=q(C,M)=M%C* +1 , n>0, 

with the cocyclic structure given by the operators 

di:C n ^C n+1 , 0<i<n + l 

aj:C n ^C n - x , 0<j<n-l, 
r:C n -> C n , 

defined explicitly as follows: 

di(m ®n c) = m ® w c° ® . . . ® A(q) ® . . . ® c n , 

<9 n+ i(m ®h c) = m <B> ®w c°(2) ® c 1 ® . . . ® c n ® m < _ > c°(i) , 

cri(m ® w c) = m (g> n c° ® • • • ® e(c m ) ® . . . ® c n , 

r(m ®^ c) = ^ <5> ®h c 1 ® . . . ® c n ® m < _ > c°; 

here we have used the abbreviation c = c° ® . . . ® c n . 

One checks |17j that di,aj, and r satisfy the following identities, which define 
the structure of a cocyclic module (c/. [5]): 

<9j<9i = didj-i, i < j, OjOi = (Titrj+i, i < j (3.1) 

{^CTj-! % < j 
1„ if i = j or i = j + 1 (3.2) 
<9i_icTj i > j + 1; 



r n di = di-xT n -\, l<i<n, T n d = d n (3.3) 

r n+l 



7>j<7j = 0-j_lT n+1 , 1 < ? < Tl, T n a = (TnTn +1 (3.4) 



-n+1 



In • (3.5) 
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The motivating example for the above notion is the cocyclic complex associ- 
ated to a Hopf algebra H endowed with a modular pair in involution, (MPI 
for short), (5, a), which we recall from [6]. 5 is an algebra map Ji — > C, and 
a € H is a group- like element, or equivalently a coalgebra map C — ► H. The 
pair (5, a) is called MPI if 5(a) = 1, and Sg = Ada; the twisted antipode S$ 
is defined by 

S s (h) = (5 * S)(h) = 5(h w )S(h {2) ). 

One views H as a left H- module coalgebra via left multiplication. On the 
other hand if one lets M = a Cs to be the ground field C endowed with the 
left "H-coaction via a and right 7^-action via the character 5, then (5, a) is 
a MPI if and only if ""C^ is a SAYD. Thanks to the multiplication and the 
antipode of Ti., one identifies C^Ti, M) with M <8 Ti® n via the map 

1:M® H H® {n+1) -> M <8 W® n , 

X(m 8>h ^° ® • • • <8 /i n ) = m/i° ( i) (8) S , (/i( 2) ) • (/i 1 <g> . . . <8 /i n ). 



As a result, <9j, <7j, and r acquire the simplified form of the original defini- 
tion [6], namely 



d (h l <8 . 


. . ® /I™" 1 ) 


= 


18) ... (g) fr n -\ 


dj(h l <8 . 


..®/ l n " 1 ) 


= ft 1 <g> . 


. . ® Ah j (8 ... (8 /i n_1 , 1 < J < n - 1 


^(/i 1 <8 . 




= h 1 ® ■ 


. . 8) /l n_1 (8 cr, 


cr^/j 1 8> . 


. . ® /i n+1 ) 


= h 1 ® . 


. . 8>e(/i m ) 8> . . . <8/i n+1 , 0<i<n, 




) . . . ® /i") 


= (A p_1 


^(/i 1 )) -/i 2 (8...®/i n 8>CT. 



For completeness, we record below the bi-complex (CC*'*(C,H,M), 6, B) 
that computes the Hopf cyclic cohomology of a coalgebra C with coefficients 
in a SAYD module M under the symmetry of a Hopf algebra 7i: 

CC M (C, H; M) = { C H P(C ' M) ' q ~ P ' 
1 0, g <p, 

where 6 : C%(C,M) -> C" +1 (C,M) is given by 

n+l 

the operator B : C^(C,M) -> C^ _1 (C,M) is defined by the formula 

B = AoB , ra > , 
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where 

B = (T n _ir(l - (-l) n r) 

and 

A = l + \ + .-- + \ n , with A = (-l) n - 1 r n . 

The groups {HC n (TC; 5, <r)} ng N are computed from the first quadrant total 
complex (TC*(H;5,a),b + B), 

n 

TC n (H;5,a) = ^ CC k > n - k (H;5,a) , 

k=0 

and the periodic groups {HP l (TC;5,a)} i ^/ 2 are computed from the full 
total complex {TP*{H; S,a),b + B), 

TP l (H;5,a) = ^ CC k ' i - k (H;S,a) . 

We note that, in defining the Hopf cyclic cohomology as above, one has the 
option of viewing the Hopf algebra 7i as a left 7i-module coalgebra or as 
a right 7^-module coalgebra. It was the first one which was selected as the 
definition in [6j. The other choice would have given to the cyclic operator 
the expression 

T^h 1 ®. . .®h n ) = ff^jj^^S^Vl))®. • .®/i n " 1 5(/ l n (i))5(S- 1 (/i n (2 ))). 

As it happens, the choice originally selected is not the best suited for the 
situations involving a right action. To restore the naturality of the notation, 
it is then convenient to pass from the Hopf algebra 7i to the co-opposite Hopf 
algebra 7i n cop . This transition does not affect the Hopf cyclic cohomology, 
because for any 7^-module coalgebra C and any SAYD module M one has 
a canonical equivalence 

(C^(C,M),b,B) ~ (C£co P (C co P,M c °P),&,B); (3.6) 

M co P m is SAYD module for H cop , with the action of H cop the same as 
the action of H, but with the coaction T : M cop -> H cop ® M cop given by 

T (m) = S-^m^J^m^. (3.7) 

The equivalence ()3.6[) is realized by the map 

T : C%(C, M) -» C7^cop(C cop , M cop ), (3.8) 
T(m ® c° ® • • • ® c n ) = m ®m < _ 1> c° ® c n ® . . . ® c 1 . 



57 



Proposition 3.1. The map T defines an isomorphism of mixed complexes. 

Proof. The map T is well-defined because 

T (mh ® c° <g . . . <g c n ) = m/i( 2 ) <g ^(fys) )m _ fyi) c° <g c n <g . . . <8> c 1 = 
m <5> <g h( n+ 2)S(h( n+ 3))m < — > h w c° (g h {n +i)C n <g . . . (g /i (2 )C 1 
m 5 (g m < — > h(i)C° <g> h(„+i)C n (g . . . <g /i(2)C 1 = 
T(m <g h ( i) c° (g) . . . <8> /i ( „+i) c n ) . 

We denote the cyclic structure of C£(C, M), resp. C W co P (C cop , M c °p) by 
o"j, and r, resp. cZj, Sj, and t. We need to show that T commutes with b and 
B. One has in fact a stronger commutation property, namely 

Tdi = d n+1 -iT, < i < n + 1. (3.9) 

Indeed, 

d„+iT (m (g c° (g . . . (g c n ) = 

d n+1 {m <Tj> (g m < _ 1> c° (g c n <g . . . (g c 1 ) = 

m <5> (g m < _ > c°(i ) (g c n ® . . . <g c 1 (g 5- 1 (m < _ > )m < _ > c°(2) 

m <n> (g m < _ > c°(i ) (g c n <g . . . (g c 1 (g c°( 2 ) 

T(m (g c° ( i) (g c° ( 2) (g c 1 <g . . . (g c n ) = 

7~<9 (m®c <g...«>c n ) 

7~<9 n+ i(m®c°® ...<gc n ) = 

T(m < _ > (g c°( 2 ) 8c 1 8...®c n m < _ > c (i ) ) 

m (g m c°(2) (g m c°(i) (g c n (g . . . <g c 1 

d (m <Tj> (g m < _ 1> c° (g c n (g . . . <g c 1 ) = 

rf T(m®c ®...®c n ); 

on the other hand, for 1 < i < n, 

Tdi(m®c° <g ...8c") = 

T(m <g c° (g . . . g) c i_1 <g c\i) <g c'( 2 ) <g c m <g . . . <g c n ) = 

m <5> (g m < _ > c° (g c n (g . . . (g c J+1 (g c l ( 2 ) (g c\i) (g c*" 1 (g . . . (g c 1 = 

d n+ i_i(m <5> (g m^^ <g c n <g . . . (g c 1 ) = 

<i n +i_iT(m®c ...c n ). 
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Thus, Tb = {-\) n+l bT. 

Next, we check that Tt = t~ 1 T = t n T as follows: 

T r(m ® c° ® . . . ® c n ) = 

T (m <5> ® c 1 ® . . . ® c n ® m < _ > c°) = 

m ® m c 1 ® to c° ® c n ® • . . ® c 2 = 

£ -1 (m <5> ® m < _ > c° ® c n ® . . . ® c 1 ) = 
t -1 T(m8)c (8)...®c n ). 

It is easy to see that Tai = s n _i_jT, for < i < n — 1. Using the above 
identities and tso = s n -it 2 one obtains 

n-i 

TB = T^(-l)("- 1 ^rV n _ 1 r(l - (-l)V) = 
i=o 

71-1 

= J2(-i) (n ~ )j t- j s t- l (i - {-i) n r x )T = 

3=0 
71-1 

= ^(- 1 ) (n_1) ^ n-i ^ ls "-ii 2 (l - = 

3=0 

71-1 

= ^(-lJ^-^^-^'s^itCl - (-l) n t)T = 

71—1 

= (-1) J2(-l)^ k t k s n ^t(l - {-l) n t)T = -BT, 

which completes the proof. □ 

We next recall from [9] the setting for relative Hopf cyclic cohomology. Let 
7i be an arbitrary Hopf algebra and /C C TL a Hopf subalgebra. Let 

C = C(H,JC) := H® K C, (3.10) 

where JC acts on H by right multiplication and on C by the counit. It is 
a left 7Y-module in the usual way, via left multiplication. As such, it can 
be identified with the quotient module TL/TLK, + , /C + = Kere|/C, via the 
isomorphism induced by 

ftefi — 4 = /»%le«%C. (3.11) 
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Moreover, thanks to the right action of K, on Ti, C = C(Ti, IC) is an "H-module 
coalgebra. Indeed, its coalgebra structure is given by the coproduct 

A c (h ® K 1) = 0(D ®K 1) ® (h( 2) <8c 1) , (3.12) 

inherited from that on Ti, and is compatible with the action of Ti on C by 
left multiplication: 

Ac (gh ® c 1) = A(g)A c (h ® c 1) ; 
similarly, there is an inherited counit 

£c (h ®k 1) = e(h) , VcGC, (3.13) 

that satisfies 

£c (gh ®k 1) = e(g) e c (h ®k 1) . 

Thus, C is a W-module coalgebra. The relative Hopf cyclic cohomology 
of Ti with respect to the IC and with coefficients in M, to be denoted by 
HC(Ti, IC; M), is by definition the Hopf cyclic cohomology of C with coeffi- 
cients in M. Thanks to the antipode of Ti one simplifies the cyclic complex 
as follows (c/. pi §5]): 

C*(Ti, K; M) = {C n (Ti, K; M) := M ^ C®"} n > , 

where IC acts diagonally on C® n , 

do(m ®!c c 1 (8 . . . <g> c™" 1 ) = m%i®c 1 ®...®...® c n_1 , 

9i(m ®k c 1 (8 . . . <8 c n_1 ) =m%c 1 ®...® c l (1) (8 cL ® . . . 8> c n_1 , 

V 1 < i < n- 1; 

d n (m ®ic c 1 . . . <g> c n_1 ) = m (0 ) <8x: c 1 (8 . . . <8> c n_1 <8 m ( _i) ; 
CTi(m (8c c 1 (8 ... (8 c n+1 ) = m <8/c c 1 <8 . . . <8 e(c i+1 ) <8 . . . <8 c n+1 , 

V < i < n; 

T n (m <8a: A 1 <8 c 2 <8 • . . <8 c n ) = m (o)^(i) ®c S 1 ^)) • (c 2 <8 . • • <8 c n <8 m^)); 

the above operators are well-defined and endow C*(Ti, IC; M) with a cyclic 
structure. 

Since 

fyi) hS(k( 2 )) ®K 1 = fyi) ft ®£ e(&(2)) 1 = A;c(8x;l, k & IC, 
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the restriction to /C of the left action of 7i on C = 7i <g)£ C can also be 
regarded as 'adjoint action', induced by conjugation. 

When specialized to Lie algebras this definition recovers the relative Lie 
algebra homology, cf. [9, Thm. 16]. Indeed, let q be a Lie algebra over the 
field F, let rj C g be a reductive subalgebra in q, and let M be a g-module. 
We equip M with the trivial 0-comodule structure 

TmH = l®m € H®M, (3.14) 

and note the stability condition is then trivially satisfied, while the AYD 
one follows from (|3.14p and the cocommutativity of the universal enveloping 
algebra 21(f)). The relative Lie algebra homology and cohomology of the 
pair rj C with coefficients in M is computed from the Chevalley-Eilenberg 
complexes 

n 

{C>(fl,foM),<5}, C n (0,rj;M) := M <g>[, /\(f)/f)). 

Here the action of f) on fj/f) is induced by the adjoint representation and the 
differentials are given by the formulae 

n+1 

8(m ®fr Xi A . . . A Z n+ i) = ^(-l)' +1 ml, ® 6 A . . . A X t . . . A X n+1 

i=l 

+ ^(-l) l+J m ® b [Clj] A Xi A . . . A Xi . . .Xj . . . A X n+1 (3.15) 

i<j 

where X E 0/f) stands for the class modulo rj of X E and the superscript" 
signifies the omission of the indicated variable. 

There are canonical isomorphisms between the periodic relative Hopf cyclic 
cohomology of the pair 21(f)) C 21(0), with coefficients in any 0-module M, 
and the relative Lie algebra homology with coefficients of the pair I) C ( 
see [9]): 

#P e (2l(f)), 21(f)); M) * HM-M). (3.16) 

n=e mod 2 

3.2 Reduction to diagonal mixed complex 

In this section we develop an apparatus for computing Hopf cyclic coho- 
mology of certain cocrossed coproduct coalgebras. These are made of two 
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coalgebras endowed with actions by a Hopf algebra. Both coalgebras are 
Hopf module coalgebras, and one of them is a comodule coalgebra as well, 
which moreover is an Yetter-Drinfeld module. Under these circumstances, 
one can unwind the Hopf cyclic structure of the cocrossed product coalgebra 
and identify it with the diagonal of a cylindrical module. We then construct 
a spectral sequence that computes the cohomology of the total complex of 
the cylindrical module, which by Eilenberg-Zilber theorem is quasi isomor- 
phic to the diagonal of the cylindrical module. 

Let TL be a Hopf algebra and let C and D be two left W-module coalgebras. 
In addition, we assume that C is a left comodule coalgebra, which makes 
C a YD module on TL. We denote the coaction of C by Tc and use the 
abbreviated notation ▼c(c) = c < _ 1> <8>c <0> . We recall that the YD condition 
stipulates that 

V c (hc) = /i(i ) c < _ 1> S , (/i(3)) 8> h( 2 )C <0> . (3.17) 

Using the coaction of TL on C and its action on D, one constructs a coalgebra 
structure on C ® D defined by the coproduct 

A(c<8><2) = C(i) <g> C( 2 ) < _ 1> (i(i) <X>C( 2 ) <0> ®d(2). (3.18) 

We denote this coalgebra by C X D. The import of the YD condition is 
revealed by the following result. 

Lemma 3.2. Via the diagonal action of TL, C X D becomes an TL module 
coalgebra. 

Proof. One has 

A(h(i)C X h(2)d) = 

fyl)C(l) ►< (/l(2)C(2)) < _ 1> (/i(3)(i(l)) <g) (/l(2)C(2)) <0> ►< h(4)Ol(2) = 

h(i)C(i) X h(2)C(2) < _ 1> S(h(4))h( 5 )d(i) ® h( 3 ) q 2 ) <0> ►< h( 6 )d(2) = 
h(i)C(i) X /i(2)C(2) < _ 1> d(i) ® h(3) C(2) <0> ►< h(4)d(2) = 
h(i){c w X c (2 ) < _ 1> d(i)) (8) /i(2)(c ( 2) <0> ►< d (2) ) = 
/i ( i)((c ►< d) ( i)) (g) /i (2 )((c ►< d)( 2) ). 

□ 

Now let M be an SAYD over TL. We endow M <g> C®« with the following TL 
action and coaction: 

(m <8) c)/i = m/i(i) ® S(h(2) )c, 

T(m (8) c) = c° < _ 1> ... m < ^ T> ® m <n> ® c° <0> ® ... ® c n <0> , 
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Lemma 3.3. Let C be an YD module overTt. Then via the diagonal action 
and coaction C® q is also an YD module over 7i. 

Proof. We verify that c = c 1 ® . . . ® c g G C m and h € H satisfy (I3TT7]) . 
Indeed, 

▼ (/ic) = T(/i(i)C 1 ® . . . ® /i(,)C 9 ) = 

(/i(i ) c 1 ) < _ 1> . . . {h (q) c q ) < _ 1> ® (/i(i)C 1 ) < _ 1> ® . . . ® (/i( 9 )C <3 ) < _ 1> = 

h(l)C < _ 1> 5(/l(3))/l(4)C <-l>S(h(6)) ■ ■ ■ h(3q-2) C Q < _ 1> S '(/l(3<j))® 

/l(2)C 1 <0> ® /i (5 )C 2 <0> ® . . . ® h( 3q -i)C q <0> = 

/l(l)C < _ 1> 5'(/t(3)) ® /l(2)C <0> . 

□ 

Proposition 3.4. Equipped with the above action and coaction, M ® C® 9 
is an ^4 YD module. 

Proof. Let c € C® 9 , and h ETl. By Lemma |3.3| we can write 

Y((m®c)/i) = W(mh(i) ® 5(/i ( 2))c) = 
<_i> ( m ^-)<-i> ® ( rri ^ l ( 1 ))<o> 

®(5(^))c) 

<0> 

S(h( 6 ))c < _ 1> S 2 (h(4))S(h(3))m < _ 1> h m ®m <0> /i (2 ) ® S^fys) )c <0> = 
fyi) ® (m <0> ® c <0> )/i (2 ). 

□ 

We define the following bigraded module, inspired by [1011121 fl~jl24j. in order 
to obtain a cylindrical module for cocrossed product coalgebras. Set 

X p ' q := M ® w D® p+1 ® 

and endow X with the operators 

di : X {p ' q) -» 3t (p+1 ' 9 \ < i < p + 1 (3.19) 

<7j : X {p ' q) -► X^- 1 '^, < j < p - 1 (3.20) 

7 :X (p,<?) (3 21) 
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defined by 

di(m ® d ® c) = m® d° ® . . . ® A(d l ) ® . . . ® d p ® c, 

d p+ i(m ® d® c) = "t- <5> ® d° (2 ) ® . . . <g> d p ® c < _ 1> m < _ > d°(i ) ® c <0> , 

<r 3 -(m ® d ® c) = m ® d 1 ® . . . ® e(d J ) ® . . . ® d p ® c, 

r (m ® d® c) = m <n> ® d 1 ® . . . ® d p ® c < _ 1> m < — > d° ® c <0> ; 

the vertical structure is just the cocyclic structure of C(TC, fC; /C® p+1 ® M), 
with 

Tft =: X M < t < g + 1 (3.22) 

T<x,- : £^ -»• 0<j<g-l (3.23) 

|r : X M ^X ip ' q \ (3.24) 

defined by 

]di(m ® d® c) = m ® d® c° ® . . . ® A(c*) ® . . . ® c q , 
t^g+i (wi ® d ® c) = 

= m <5> ® 5 , " 1 (c°(i )< _ 1> )d® c° (2 ) ® c 1 ® . . . ® c 9 ® m < _ 7> c (i )<0> , 

t<Tj (m ® d ® c) = m ® d ® m ® c° ® . . . ® e(cP) ® . . . ® c q , 

|r(m® d® c) = m <0> ® S -1 ^^) • d ® c 1 ® c 2 ® . . . ® c 9 ® m < _ > c° <0> . 



Lemma 3.5. T/ie horizontal and vertical operators defined in (|3.19p . . . . , 
(|3.24p are well-defined and the T-operators are invertible. 

Proof. In view of Lemma 13.41 M ® C® q is AYD module and, since the gth 
row of the above bigraded complex is the Hopf cyclic complex of fC with 
coefficients in M ® C® q+1 , all horizontal operators are well-defined |17j . By 
contrast, the columns are not Hopf cyclic modules of coalgebras in general, 
except in some special cases such as the case in Subsection 13.4.11 
Let us check that the vertical r-operator is well-defined, which implies that 
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all the others are well-defined. One has 



|r(m/i ® d ® c° ® . . . ® c 9 ) = 

{mh) <T)> ® S ,_1 (c° < _ 1> )(i ® c 1 ® . . . ® c n ® (m/i) < _ > c <0> = 
m <T)> h { 2) ® 5'" 1 (c < _ 1> )d r ® c 1 ® . . . ® c n ® S , (/i(3))m < _ > /i(i ) c <0> = 
m <5> ® /i( 2 ) S -1 (c° < _ 1> )d ® /i(3) c 1 ® . . . ® h( n +2) c n ® "i <TrT> fyi) c° <0> = 
m <5> ® S ,_1 ((/i(2)C° < _ 1> S'(/i(4)))/i(i)d ® fysjc 1 ® . . . ® /i(„+4)C n ® 

® > (^(3)C°) <0> = 

m <5> ® S'~ 1 ((/i(2)C ) < _ 1> )/i(i)(i ® h^c 1 ® . . . ® h( n +2)C n ® m < _ > (/i (2 ) ) <0> = 
|r(m ® h(i)d® h( 2 )C° ® . . . ® /i(„+ 2 )C n ). 

To show that the r-operators are invertible, we write explicitly their inverses: 

tr _1 (m ® d ® c) = 



m <0> ® m <^3> c9 <-l> 5 '( m <— >)^® m <32 > C<? <0> C ° ® • • • ® C 9 



r (m ® d ® c) = m <5> ® 5(c < _ 1> m < _ > )d p ® d° ® . . . ® d q 1 ® c <0> . 

Using the invertibility of the antipode of Ti and also the YD module property 
of C, one checks that fro Jr =|t o jr = Id and ror =r ot = 
Id. □ 

Proposition 3.6. Let C be a (co)module coalgebra and D a module coalge- 
bra over Ti. Assume that C is an YD module over Ti, and M is an AYD over 
Ti. Then the bigraded module 3C p ' q is a cylindrical module. If in addition 
M ® C® q is stable, then X p ' q is bicocyclic. 

Proof. Lemma 13.41 shows that M ® C® q is AYD module, and since the gth 
row of the above bigraded complex is the Hopf cyclic complex of C^(/C; M® 
C® 9+ ), it defines a paracocyclic module [TT] . 

The columns are not necessarily Hopf cyclic modules of coalgebras though, 
except in some special cases. However, one can show that the columns are 
paracocyclic modules. The verification of the fact that jr, ]di and f<7j 
satisfy (13. ip . . . (13. 4p is straightforward. The only nontrivial relations are 
those that involve jr and ]d p +i, the others being the same as for cocyclic 
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module associates to coalgebras. One needs thus to prove that 

|r n =T0i_i Tr, 1 < i < q + 1, 

|r T9 =H+i, 

| T fcTj =T^-i Tt, 1 < j < q ~ 1, 

To verify these identities, first let 1 < i < q; one has 

|r ]di(m ® J® c° (g) . . . <g> c q ) = 

tr(m ® J (8) c° (8) . . . ® c\i) (g) c\ 2 ) ® . . . ® c 9 ) = 

m <n> (g) S ,_1 (c° < _ 1> ) • J (g c 1 ® . . . <g cV) ® c\ 2 ) ® • • • ® c q ® m < _ T> c° <0> 
tai_i(m <n> ® S _1 (c°<-i>) • J® c 1 ® . . . ® c q ® m^c ^) = 
T9j-i Tr(m ® J ® c° ® . . . ® c q ). 

Next let i = q + 1; by using the fact that C is H module coalgebra, 
obtains 



|r H+i(m ® J ® c° ® . . . ® d 



Mm ® 1 S- 1 (c U (i )< _ 1> )d ® c u ( 2) 



< > w V v^<-i>; w i-v ^ ^ ~ <-l> 



m <5> ®5- 1 (c° (2)< _ 1> )5- 1 (c° ( i) <_!>)■ dfcc 1 
c q ® m < _ > c°( 1)<0> ® m < _ > c (2 )<0> 
m <o> «'^ 1 ( c V)<- 1 >c (2) < _ 1> ) -dOc 1 
c 9 ® m < _ > c°(i )<0> ® m < _ > c (2 )<()> = 
m <n> ® S ,_1 (c° < _ 1> ) • J® c 1 ® . . .® 
c 9 ® m < _ > c° <0>( i) ® m < _ > c <0>( 2) = 



t0 9 (m <5> ® S ,_1 (c° < _ 1> ) • d® c 1 ® . . . ® c q ® m < _ > c°) = 
ta g Tr(m®(i®c ® . ..®c 9 ). 

Finally let i = 0; one has 

|r ]d (m ® J ® c° ® . . . ® c q ) = 
tr(m ® J ® c° ( i) ® c° ( 2) ® c 1 ® . . . ® c q ) = 
m <T)> ® S , ~ 1 (c°(i )< _ 1> )(i'® c°( 2 ) ® c 1 ® . . . ® c q ® m < _ > c°(i )<0> 
T5 9+ i(m®J®c ® ...®c <? ). 
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The other identities are checked in a similar fashion. 

We next show that the vertical operators commute with horizontal operators. 
Using Lemma 13. 5\ and since in any parcocyclic module with invertible r- 
operator one has 

dj = T~ j d T j , l<j<n, Gi = t-V„_it\ 1 < i < n - 1, (3.25) 
it suffices to verify the identities 

jrr = r fr, TtS = d ]r, r fdo =t<9 T, 
| T (Tp_i = |r, and r tcr ? _i =]a q -iT . 

Let us check the first; one has 

|r t (m <g> k° ® . . . ® F <8> c° . . . ® c g ) = 

Mm <1?> ® F ® . . . ® F ® c < _ 1> m < _ > fc° ® c <0> ) = 

m <T)> ® 5 -1 ( c °<-i>) • (A; 1 ® . . . ® F) ® c 1 < _ 1> . . . c ,? < _ 1> m < _ > F® 

c 1 ^ ®...®c" <0> ®m < _ > c° < _ > = 

m <5> ® S -1 (c°<_a>) • (F ® . . . ® F)® 

® c 1 < _ 1> . . . cVi> ^<^> c°<„ 1> S'Cm^ )m < _ > S" 1 (c p < _ 2> )F® 
® c 1 <0> ® . . . ® c\ 0> ® m^c ^ = 
m <5> ® S- 1 (c° < _ 1> ) • (F ® . . . ® F)® 

®c 1 <-i> •••c 9 < _ 1> (m < ^ > c <0> ) < _ 1> m < _ > 5- 1 (c° < _ 2> )F® 
® c x <0> ® . . . ® c 9 <0> ® (m^c )^ = 
T{m <T)> ® S ,_1 (c° < _ 1> ) • ® c 1 ® . . . ® c q ® m < _ > c°) = 
r |r(m ® fe° ® . . . ® F ® c° ® . . . ® c q ) 

Since C is a 7^-module coalgebra one can write 

Tt<9 (to ® d° ® . . . ® d p ® c° ® . . . ® c q ) = 
tr(m ® d% ® d% ® d 1 ® . . . ® (F ® c° ® . . . ® c q ) = 
(m <n> ® 5- 1 (c < _ 1> )(d {1) ® d° (2 ) ® d® . . . 
. . . ® cf ) ® c 1 ® . . . ® c q ® m < - T> c° <0> ) = 

<9 ® d° ® • • • ® d' p ® c° ® . . . ® c q ). 
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To show the r ]8q =]8qt one uses only the module coalgebra property of 
C; thus, 

t ]d (m ® d® c) = r (m ® d® c° m ® c° (2 ) <8> c 1 ® . . . ® c 9 ) = 
m <5> ® d 1 ® . . . ® t/P ® c (i) < _ 1> c°( 2)< _ 1> c 1 < _ 1> . . . 

• • • c 9 < _ 1> m < _ 1> d° ® c°(i )<0> ® c°( 2 ) <0> ® c 1 ^ ® . . . ® c q <0> = 
m <T)> ® d 1 ® . . . ® <i p ® c° < _ 1>< _ 1> c 1 < _ 1> . . . 

• • • c9 <-l> m <-l> d ° ® C° <0> (1) ® c° <0>(2 ) ® c 1 ^ ® . . . ® c 9 <0> = 
]do t (to ® d ® c) . 

The remaining relations, r T<7 9 _i =\a q -\T and |rcjp_i = cr p _i |r, are 
obviously true. 

Finally, by using the stability of M, we verify the cylindrical condition 
r ]r q+ = Id as follows: 

t ]t q+1 (to ® d° ® . . . ® # ® c° ® . . . ® c q ) = 



+P+1, 



r (m <5> ® S'- i (c u < _ 1> . . . c 9 < _ 1> ) • (d u ® . . . ® tP)® 
® m <— > C °<o> ® • • • ® m <— > c<? <o>) = 

m K ® m d° ® . . . ® m K cF ® m c° ® . . . ® m — , c 9 

<0> <— p— g— 2> <— q — 2> <— q — 1> < — 1> 



m ® d° ® . . . ® cf ® c° 



c*. 



□ 



The diagonal of any cylindrical module is a cocyclic module [12] whose cyclic 
structures is given by, 

di --Ididi : X n ' n -> X n+1 ' n+1 , (3.26) 

^ :=]a[di : X n ' n -» X" -1 '" -1 , (3.27) 

r :=Ttt : X n '" -» X n ' n . (3.28) 

In order to relate the Hopf cyclic cohomology of C ►< D to the diagonal 
complex of the X, we define a map similar to the one used in [24], and 
use the fact that C is a YD module over 7^ to show that is well-defined. 
Specifically, 

: C%(C X D; M) -» X n ' n , (3.29) 
*(m ® c° ►< d° ® . . . ® c n X d n ) = 

m ® c °<- n ~i>d° ® ■ • • ® c° < _ 1> . . . c n < _ 1> d n ® c° <0> ® . . . ® c n <0> . 
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Proposition 3.7. The map defined in (|3.29j) establishes a cyclic isomor- 
phism between the complex C^(C ►< D;M) and the diagonal of X*'* . 

Proof. First we show that the above map is well-defined. The fact that C 
is YD module helps in two ways: firstly, Lemma 13.21 shows that TC is acting 
diagonally on C X D, and secondly the twisting T:C®D-»D®C 
whereT(c ® d) = c < _ 1> d ® c <0> , is 7^-linear; indeed, 

T(/i(i)C®(2)d) = (h w c) < _ 1> (h (2 )d) ® (h (1) ) <0> = 
h(i)C < _ 1> S(h(3))h w d ® h( 2 )C <0> = 
h(i)C < _ 1> d<gi h(2)C <0> . 

This ensures that ^ is well-defined, because it is obtained out of T by 
iteration. 

In order to prove that ^ is a cyclic map, it suffices to check that commutes 
with the r-operatorss, the first coface, and the last codegeneracy, because 
the rest of the operators are made of these (13.25j) . One verifies that ^ 
commutes with cyclic operators as follows. On the one hand, 

$r CKO (m ® c° ►< d° ® . . . ® c n ►< d n ) = 

^(m <v ® c 1 ►< d 1 ® . . . ® c n ►< d n ® m < _ 1> c° ►< m < _ 2> d°) = 

m <0> ® Cl <-n-l> dl ® • • • ® cl <-2> • • • C n <„ 2> d n ® 

® c Vi> • • • c n <_ 1> (m < - > c°) < „ 1> m < _ >( i ^ 
® c 1 <0> ® . . . ® c n <0> (8 (m < _ > c°) < _ 1> = 
m <o> ® cl <-n-i> dl ® • ■ ■ ® cl <-2> • • • c n <-2>d n ® 

0c 1 < _ 1> ...c n < _ 1> m < ^ > c° < _ 1> d o ^c 1 <o> 0...0c n <o> ^m < ^ > c o <o> . 
On the other hand, 

t |r*(m ® c° ►< d° ® . . . ® c n ►< d n ) = 

?Tr(m®c° < _ n _ 1> (i ®...®c < _ 1> . . . cP ® e° <0> ®...®c n <0> ) = 

7(m <5> ® cP < _ n _ 1> c 1 < _ n _ 1> d 1 ® . . . <8> c° < _ 3> . . . c n < _ 2> d n ® 

C°<_i> •••C n < _ 1 > m <^T> C °<-n- 2 >^ ®C <0> ®...®C™ <0> ) = 

m ® S~ V<-i>) • (^<- B _ l >c 1 < _„_ 1> d 1 ® • • • ® . . . c%_ 2> cT® 



<0> V <-l>/ V <-n— <-n— o . . . -o ^ <-2> • • • - <-2> l 

<-x> ••• cn <-i> m < - > c °<-n-2>rf°)®c 1 <0> ® -..®c n <0> ®m < _ > c° <0> 



< 



5> ® c^^^d 1 ® . . . ® c 1 < _ 2> . . . c n < _ 2> d n ® 
<-i> •••c n < _ 1> m < _ > c° < _ 1> d°®c 1 <0> ® ...®c n <0> ®m < _ > c° <0> . 
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The next to check is the equality do^f = ^^ockd- Using the fact that C is 
a module coalgebra, one has 

d ty(m ® m <g> c° ►< d° <g> . . . ® c n ►< tT) = 

5 (m c^^^d ® . . . ® c° < _ 1> . . . cV^d" ® c °<o> ® ■ ■ ■ ® c re <0> ) = 
™ ® c° < _„_ 2> d°(i) ® cP < _ n _ 1> d° w ® . . . ® c° < _ 1> . . . c n < „ 1> d n ® 
c° <0>( i) ® c° <0>(2 ) c x <0> ® . . . ® c n <0> = 

m ® c (i )< _ ri _ 2> c (2) < _ n _ 2> d (i) ® c° ( i) <_„_!> c° ( 2) <_„_!> d°( 2 ) ® . . . ® 
c (i) < _ 1> c°(2 )< _ 1> c 1 < _ 1> . . . c n < _ 1> d n (8 c°(i )<0> ® c° ( 2) <0> (2) c 1 <0> ® • • • 
...®c\ 0> . 

On the other hand, 

^<9ockd(w- ® c° ►< d° ® . . . <g> c n ►< d n ) = 

*(m (8) c° ( i) ►< c°( 2 ) < _ 1> (i (i) c° ( 2) <0> ►< d°( 2 ) ® c 1 ►< d 1 ® . . . 

. . . <8> c n X d n ) = 

m ® c°(i) < _ n _ 2> c°(2) < _ 1> 'i (i) ® c°(i) <_„_!> c°(2 )<0> <_„_!> d%® 
c°(i) < _ n> c°(2) <0>< _ n> c 1 < _ n> d 1 ® . . . ® c°(i )< _ 1> c (2 )<0>< _ 1> . . . c n < _ 1> d n ® 
c°(i) <0 > ® c°(2 )<0><0> ® c 1 ^ ® . . . ® c n <0> = 

m ® C°(l) < _ n _ 2> C°(2)<_ n _2>rf (l) ® C°(l) C°(2) d°(2) ® . . . ® 

C°(l)<_i>C°(2) < _ 1> C 1 < _ 1> ...C n < _ 1> d n ®C°(i) <0> ®C°(2) <0> ®c x <0> ® ... 



The equality <7 n _i v I' = ^a n ~ic^cD ^ s obvious. 

In order to show that ^ is an isomorphism, one constructs again an iterated 
map made out of factors _L: D ® C — > C ® D, defined by _L {d ® c) = 
c <o> ® 5' _1 (c < _i > )d. It is easy to see that T and _L are inverse to one 
another. Explicitly the inverse of ^ is defined by 



^ _1 (m ® d° ® . . . ® cT ® c° ® . . . ® c n ) = 
= m ® c° <0> ►< (c° < _ 1> )d° ® . . . 
• • • ® c n <0> ►< 5 1 (c° < _ n _ 1> c 1 < _ n> . . . c n < _ 1> )d n 



□ 



Applying now the cyclic version of the Eilenberg-Zilber theorem |12| one 
obtains the sought-for quasi-isomorphism of mixed complexes. 
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Proposition 3.8. The mixed complexes (C^(D ►< C,M), b, B) and 
(Tot(X), br, Bt)) are quasi-isomorphic. 

The rest of this section is devoted to showing that the Hopf algebras that 
make the object of this paper satisfy the conditions of the above proposition. 
To put this in the proper setting, we let TC be a Hopf algebra, and we consider 
a pair of W-module coalgebras C, D such that C is W-module coalgebra and 
via its action and coaction it is an YD module over TC. Let C C /C be Hopf 
subalgebras of TC. One defines the coalgebra C := TC (gjc C, where K, acts on 
TC by multiplication and on C via counit (cf [9, §5]). In the same fashion 
one defines the coalgebra K-c ■= K. ®c C If h € TC and c = h be its class in 
C, then 

A(c) = C(i) <g> c ( 2) := h(i) (g) h( 2 ) , e(c) := e(h) 

This coalgebra has a natural coaction from TC. 

T(c) = c < _ 1> ® c <0> := h(i)S(h( 3 )) <8> /i(2) . 

Lemma 3.9. T/ie above action and coaction are well-defined and make C a 
(co)module coalgebra, respectively. In addition both make C an YD module 
over Ti. 

Proof. First let us check that the action and coaction are well defined. With 
h,g€Tl, and k £ JC, one has 

h(gk (g> 1) = hgk (g>£ 1 = hg ®x: e(A;) = h(g (gi e(A:)), 

which verifies the claim for the action. For the coaction, we write 

f(hk (g) 1) = h(i)k<i)S(k(3))S(h(3)) <8> (h^)k(2) <8>/c 1) = 
h(i)k(i)S(k(3))S(h( 3 )) (gi (/i( 2 ) (g/c e(^(2))) = 
= h(i)k(i)S(k(2))S(h(3)) <g (/i(2) ®/e 1) = 
h(i)S(h(s))) (g (/i( 2) ®k = ▼(^<ge(fc)). 

It is obvious that these are indeed action, resp. coaction, and thus define 
a module coalgebra structure, resp. a module coalgebra structure over C. 
One checks that the action and coaction satisfy (|3.17p as follows: 

▼(%) = W(hg) = h(i)g w S(g( 3 ))S(h(3)) <g h (2) g(2) = 
h(i)(g(i)S(g (3 )))S(h( 3 )) <g fy2)5(V 

□ 
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Let us assume that Ti acts on /C, as well and via this action TC is a module 
coalgebra. Similarly to C in relation to Ti, K-c inherits in a natural way an 
action from Ti. This makes K-c a module coalgebra over Ti. Precisely, if 
h G Ti and k G TC, denoting k 0c 1 by A;, one defines 

h ■ k = hk <£>£ 1 = hk . 

Now C and fCc together with their action and coaction satisfy all condi- 
tions of Proposition 13.61 As a result one can form the cylindrical module 
X(Ti, C, K-c] M). Due to the special properties discussed above, we may 
expect some simplification. Indeed, let 

sqp* = M® K K® p+1 <g> C m 

We define the following map from X to 2): 

$i : X p ' q -» 2f' 9 , (3.30) 

$i(m ®h k ® /i° ® . . . (8) /i n ) = 

m/i° ( 2) S-^hPw) ■ I <g> 5(/i {3) ) • (/i 1 ® . . . h?). 

Lemma 3.10. The map $i defined in ()3.30p is a well-defined isomorphisms 
of vector spaces. 

Proof. To check that it is well-defined, we clarify the ambiguities in the 

definition of $i as follows. Let k G K, k G K,f p+1) , and g,h° . . .h q G H; 
then 

$i(m <8) fc (8 <8>a: 1) ® /i 1 <g) . . . <g> = 

mh° { 2)k ( 2) ®k S' 1 ^ 1 ^!)) ■ k (g) S(h°(3)k(3)) ■ (h 1 ® . . . <g> = 

m/i° (2 ) <%; ^(2)^~ 1 (A:(i))^ 1 (/i 1 {1 )) • A; k (3) S(k w )S(h° (3) ) ■ (h 1 ® . . . = 

*i(m ® fc ® <8>jc e(fe)) <g> /i' 1 <g> . . . <g> /i")). 
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Also, 

$i(m ® 5(i) • k ® 5(2) • (A ® A 1 ® • • • ® A<?)) = 
m <8>k ^(i) • fc ® 5(2) • (A <8) A 1 ® • . . ® h q ) = 

mg (3 )h ( 2) ®c S _1 (fr (i))<S _1 (5(2))#(i) • fe® 
® S(h° ( 3))S(g ( 4))g( S) ■ (A 1 ® . . . ® A«) = 

^5/i°(2) ®c S^/iV)) • ® 5(fe° (3 )) • (A 1 ® • • • ® A<?) = 

$i(mg ® k ® A ® A 1 ® . . . ® A<?). 

One easily checks that the following map defines an inverse for $i: 

: 2) p ' 9 -> 3C P ' 9 , 

^^(m ®£ A ® A) = m ®u k ® 1 ® A. 

□ 

We next push forward the cylindrical structure of 3£ to get the following 
cylindrical structure on 2) : 

di(m ® A ® A) = m ® A ® . . . ® A(A*) ® . . . ® h p ® A, 

d p+ i(m ® fc ® A) = m <5> ® fc°( 2 ) ® . . . ® F ® h < _ 1> m < — > k°(i) ® A <0> , 

<jj(m ® A; ® A) = m ® A: 1 ® . . . ® e(AV) ® . . . ® A> ® A, 

r (m £3 k ® A) = wi <5> ® A 1 ® . . . ® A p ® h < _ 1> m < — > k° ® A <0> 

T<9 (m ® A ® A) = m ® fc ® i ® A 1 ® . . . ® A 9 , 

T<9i(m ® fc ® A) = m ® A ® A ® . . . ® A(A*) ® . . . ® A 9 , 

T<9 ?+ i (m ® fc ® A) = m <5> ® A ® A 1 ® . . . ® h q ® m < _ T> , 

f(Tj (m ® A; ® A) = m ® A; ® m ® A 1 ® . . . ® e(A j+1 ) ® . . . ® A 9 , 

tr(m ® A ® A) = 

m /i 1 (2 ) ® • fc ® ^(^(s)) • (A 2 ® . . . ® A 9 ® m ). 



To obtain a further simplification, we assume that the action of /C C Ti on 
/C coincides with the multiplication by /C. We define a map from 2) p ' 9 to 
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as follows: 

$ 2 . tQP,9 (3.31) 
$2(m %fc°®...®F®/i)= mk° w ® c S(k° { 2)) ■ {k l ® . . . ® F ® /i). 

Lemma 3.11. T/ie map $2 defined in (|3.3ip is a well- defined isomorphism 
of vector spaces. 

Proof. One has 

$ 2 (m ® F (A; ® . . . ® F ® /i)) = 
$ 2 (m ® fc(i) • A; ® fc (2) • (A: 1 ® . . . ® F ® /i)) = 
mk w k° m ® S(k { 2)k° ( 2)) ■ (k( 3 ) ■ (k 2 ® . . . ® F ® /i)) = 
mk w e(k (2 )k w ) ® S , (fc°(2)) • (A; 2 ® . . . ® F ® /i) = 
$ 2 (mA; ® A: ® . . . ® F ® /i). 

The inverse of $2 is given by 

$2 1 : 3 M -> 2f * 9 , 

$2 ® k 1 ® . . . ® F ® /i 1 ® . . . ® h q ) = 
m ®£ i ® k 1 ® . . . ® F ® /i 1 ® . . . ® h q . 

□ 

We now push forward the cylindrical structure of of 2) on 3 to get the 
following operators on 3*'* : 

d (m ®A:®A) = m®i®A; 1 ®...®F®/i, 

di(m ® A; ® A) = m ® A; 1 ® . . . ® A(/c J ) ® . . . ® F ® h, 

dp+i (m ® k ® /i) = m ® A; 1 ® . . . ® F ® h < _ x> m < - l ® A <0> , 

aj(m®h<S)h) = m ® A: 1 ® . . . ® e(F +1 ) ® . . . ® F ® /i, 

r(m® fc ® A) = m F(i) ® 5(F (2 )) • (A: 2 ® . . . ® F ® A < _ 1> 7rT^p® A <0> ). 
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td (m ® k ® h) = m ® A; ® 1 ® /i 1 ® . . . ® A 9 , 
]di(m ® A; ® A) = m®A;®/i ®...® A(/i*) ® . . . ® /i 9 , 
t^g+i (m (g) A; ® A) = m <5> ® A; ® /i 1 ® . . . <8> A 9 (g) ttT^T^, 
]<jj{m®k®h) = m ® fc ® /i 1 ® . . . ® ® . . . ® A 9 , 

Tr(m ® A: ® A) = m <n> /i 1 (4)5~ 1 (/i 1 (3) ■ 1/c)® 

S^-^/i 1 ^)) • Ik) • (VVw) • £ ® 5(^(5)) -{h 2 ® ...®h q . 

Lemma 3.12. T/ie afowe operators defined on 3 are well-defined and yield 
a cylindrical module. 

Proof. The second part of the lemma holds by the very definition, in view 
of the fact that X is cylindrical module. We check the first claim for jr and 
r , for the other operators being obviously true. Since M is AYD and C is 
YD, we have 

r(m ® / • (A;® h)) = 

?7l <n> Z(i) ®£ S (1(2) /C 1 (2) ) • (7(3) fe 2 ® . . . ® Z(p+1) F® 

' r > 

(i(p+2) /l) < _ 1> ?Ti _ ®(Z(p+2) tl) <Q> ) — 

m <5> / ( i)fc 1 (i) ®£ S'(/(2)/c 1 (2)) • (/(3)fe 2 ® • • • ® kp+i)k p <S) 

' * * 

l( P +2) h < _ 1> S(l( P+ 4))m < — > <£>hp+3)h <0> ) = 

c " > 

m < oJw kl w ®£ S( kl w) ■ (k 2 ® . . . ® F ® h < _ 1> S( y l { 2))m < — > ®A <0> ) = 

c * > 

m <5> / ( 2)/c 1 (i) ®£ 5'(/c 1 (2)) • (k 2 ® . . . ® F ® h < _ 1> S(k. i ))m < — > l w ® A <0> ) = 

r (m/ ® A; ® A). 
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For the vertical cyclic operator one only uses the AYD property of M; thus, 

|r(m <g) I ■ (k <8> h)) = m <5> /( 5 )/i 1 (4)5~ 1 (Z(4)/j. 1 (3) • lx;)®£ 
S(S-\l m h\i)) ■ Ik) • (s-^il^h 1 ^) ■ l w l® S(l (6) h\ 5) ) ■ {l m h 2 ® 

■ ■ ■ ® / (5+ ,)/i 9 ® m < L T = m <dS> i(i)/i 1 c4)5" 1 (7» 1 (3) ■ 1k)®c 
S{S~ 1 {h 1 (2 ) ) ■ Ik) ■ (s-^h 1 ^) ■ I ® S(h\ 5) ) • (A 2 <g> . . . 

...®/i 9 (g.S'(/(2))nr^)^ = 

m < - > Z (2) / i 1 (4)-S'- 1 (/ i 1 ( 3) • 1 K ) ®c S(S-\h\ 2) ) ■ Ik) ■ (V'^V)) ■ £® 



(giS^O)) ■ (h 2 . . .<g)h q <g) S(/( 3) )m _ Z(i)) I =|r(m/ ®k®h). 



□ 



Proposition 3.13. T/ie following map defines an isomorphism of cocyclic 
modules, 

9:= $ 2 o$ l0 f : Q(Cn /Cc; M) -» 3*'*, (3.32) 
where <3?i, and $2 o^e defined in (|3.29|) . (|3.30p and (|3.3ip respectively. 
Proof. The maps ^lj and Vl/ are isomorphisms. □ 
Define now the map 

$ : H ®c 1 — > C ►< JCc, by the formula 

® c 1) = 7^7 ►< h^~Uc = (h w ®k 1) ►< (h { 2) ■ Ik ®£ 1)- (3.33) 
Proposition 3.14. T/ie map is a map ofTt-module coalgebras. 

Proof. Using that if h E Ti and I £ C then (W) • ljf = (h ■ lx)l, one checks 
that $ is well-defined, as follows: 

<&(hl ® 1) = (/t(l)Z(l) ®fc 1) ►< (/i(2)/(2) • ljC ®£ 1) = 

(fyi) ®c e(i ( i))) ►< ((/i( 2) • ljcjfo ®£ 1) = 

(h m ®k efo))) X ((/i (2 ) • Ik) ®£ efe)) = ® e(f)). 
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Next, using the coalgebra structure of C X /Cc, one can write 



A($(h)) = A(h (1) Khm-ld 



h(i) X h(2)S(h(4)) • (h( 5 ) ■ Ik.) <8> h( 3 ) X h( 6 ) ■ Ik 



h(i) X (h(2)S(h(4))h( 5 )) ■ Ik, ® h( 3 ) X h( 6 ) • Ik = 
h(i) x h(2) ■ Ik <8> h( 3 ) x h {i) ■ Ik = 

(8) $(/l(2)). 

Finally, the 7i-linearity is trivial because 7i acts on C X JCc diagonally. □ 

Summing up, we conclude with the following result, which applies to a many 
cases of interest, in particular to those which make the main object of this 
paper. 

Theorem 3.15. Assuming that is an isomorphism, the Hopf cyclic com- 
plex of the Hopf algebra TC relative to the Hopf subalgebra C with coefficients 
in SAYD M is quasi-isomorphic with the total complex of the mixed complex 
o/3(H,/C,£;M). 

As a matter of fact, the cylindrical modules 3 and 2) are often bicocyclic 
modules, for example if the SAYD M has the property that 

m < — > m <5> G K, (g> M, Vm € M; 

in this case M will be called /C-SAYD. In this paper we compute Hopf cyclic 
cohomology with coefficients in C,5, which is obviously /C-SAYD for any Hopf 
subalgebra JC C H. 

Proposition 3.16. If M is K-SAYD module then M <g> C® q is SAYD, and 
hence 3 and 2) are bicocyclic modules. 

Proof. Only the stability condition remains to be proved. We check it only 
for (7=1, but the same proof works for all q > 1. By the very definition of 
the coaction, 

A(m (g> h) = h(i) S '(h(z))m < — > <g) ?ri <5> <8> h(2) 
We need to verify the identity 

(m <8) /i) <n> (m Cg) h) < — > = m®h. 
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The left hand side can be expressed as follows: 

(mO/i) <5> (m(g)/i) < _ > = 

m <T)> h(i)S(h ( 5 ) )m < — > <g> S(m < — > )S 2 (h w )S(h i 2))h i3 ) = 
m <ri> h m S{h(3))m < -2 > ® S , (m < _ > )S ,2 (/i( 2 )). 

We now recall that the cyclic operator t\ : M ® TL — » M ® 7i is given by 
Ti(m <g> h) = m < - > h(i) <g) 5(/i( 2 ) )m < _ > . Since 

rf (m ® h) = T 1 (m < — > h w ® S , (/i(i ) )m < _ > ) = 

m <0> ^ 2 > 51 (^ 6 > ) m <— > ® 5 ( m <— > ) 5 ' 2 ( /l ( 4 ) ) m <— > fyl) ) 

the desired equality simply follows from the facts that r\ = Id and M is 
/C-SAYD. □ 

3.3 Bicocyclic complex for primitive Hopf algebras 

We now proceed to show that the Hopf algebras TLiJi) associated to a primi- 
tive pseudogroups do satisfy all the requirements of the preceding subsection, 
and so Theorem 13.151 applies to allow the computation of their Hopf cyclic 
cohomology by means of a bicocyclic complex. 

First we note that, in view of Proposition 13.11 we can replace TL(H) by 
TL(U) cop . By Theorems E33 and E2H the latter can be identified to the 
bicrossed product T X\ U, where U := U(q), T := F(N), and we shall do 
so from now on without further warning. 

Next, we need both T and U to be TL- module coalgebras. Recalling that T 
is a left W-module, we define an action of TL on T by the formula 

(/ P^u)g = f(u>g), f,g£F,ueU. (3.34) 

Lemma 3.17. The above formula defines an action, which makes T an 
TL-module coalgebra. 

Proof. We check directly the action axiom 

(Z 1 x u l )({f X u l )g) = (f 1 X u l )(fu 2 >g) = 
/V > (/ V >g)= / VCD > >g) = 

[/V (1) > f X u\ 2) u 2 ] 9 = [if X ^)((/ 2 X u 1 )] g, 
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and the property of being a Hopf action: 

A((/ ►< u)g) = A(fu>g) = f(i)U W<0> g w <g> f(2)U W<1> (u i2) > gw) = 

(/(l) X U m<Q> )g m <g> (/(2) «(!)<!> ►< n ( 2))fif(2). 

□ 

To realize as an 7^-module and comodule coalgebra, we identify it with 
C := TL ®jr C, via the map \ : Ti (§5jf C — ► U defined by 

\\{fxu®rl)=t(f)u. (3.35) 

Lemma 3.18. The map \\ : C ^ li is an isomorphism of coalgebras. 

Proof. The map is well-defined, because 

[]((/ X X 1) ®^ 1) = lj(/u(i) > g K1 u C 2) ®^ 1) = 
> 5)«(2) = e{f)e{g)u = \\(f ►< u ®jr e(#)). 

Let us check that tT - (it) = (1 Kl tt) <8)jf 1 is its inverse. It is easy to see that 
\ o t}" 1 = Id^. On the other hand, 

r 1 o^(/Kln^l) = r 1 (e(/H = 
(1 k u) ®;Fe(/) = (1 X u (2) ) (g)^e(S- 1 (u ( i))e(/) = 
[(1 X\ u ( 2))(S- l (u w )> f Kl 1)] = / X UOjrl. 

Finally one checks the comultiplicativity as follows: 

tj ® ^(A c (/ K « <g>^ 1)) = 

t](/(l) ►< U(l) (gljF 1) <g> t](«(2) < _ 1> /(2) ►< u (2)<0> <g)jr 1) = 

e(/(2))n(i) ® e(u {2 ) < _ 1> /(2))n ( 2) <0> = 
e(/ ( i))ti(i) ® e(/ ( 2))n ( 2) = A u {\\{f Xiu®? 1)). 

□ 

By Proposition 13.141 the following is a map of 7Y-module coalgebras. 

$ : H -> C ►< J", 

= ►< /i (2) l. 
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To be able to use the Theorem 13.151 we need to show that $ is bijective. 
One has 

$(/ Kl u) = 
, ; » 

(/(l) ►< M <0> ) ® f(2)U <1> = 

, * V 

(1 X\ (« <0> (1)))(5(U <0> (2)) > /(l) K1 1)) ® f(2)U <1> = 

1 Xu <0> ig> /n <x> = u <0> <g> fu <x> , 

from which it follows that $ _1 (u <g> /) = f S~ 1 (u <1> ) X\ u <0> . 
We are now in a position to apply Theorem 13. 151 to get a bicocyclic module 
for computing the Hopf cyclic cohomology of TL. We would like, before that, 
to understand the action and coaction of Tt on C. One has 

(/►<«)• (g X\ v) = 'fun) \>gX\ u { 2)V = e(f)e{g)uv, 

which coincides with the natural action of Tt on U. 

Next, we take up the coaction of C. Recall the coaction of 7i on C, 

v(lX~u) = (1M u)(i)5(l X\ u)( 3 ) <8> (1 X u)( 2 ) . 

Proposition 3.19. The above coaction coincides on the original coaction 
of T on U. 

Proof. Using the fact that IA is cocommutative, one has 
(1 KS u)(i)S((l XI n)( 3) ) ® (1 ►< u) (2 ) = 

(1 ►<] U(i) <Q> 

<2> n ( 2 )<l> X\ U(3)) (£) U(l) <ly ►<l1i(2) <0> — 

(1 M U(i )<0> )(l ►<! 5 , (u(3) <0> )(5(u(i) <2> n(2) <1> n ( 3) <1> ) ►< 1)® 

, ^ V 

®«(1)<1> ►< U (2)<0> = 

(1 K «(l) <0> «S'(W(3) <0> ))(S'(tt(l) <2> «(2) <1> «(3) <1> ) ►<! 1)8>U(1) <1> MM(2) <0> = 
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which means that after identifying C with U one has 

(1 Mti(l) <0> %3) <0> ))(S(ji(l) <1> «(2) <1> M ( 3) <1> ) X 1)<8>U(2) <0> = 

(1 X u <0>( i ) S'(n <0> (3)))(S'(u <1> ) X 1) <8 « <0> (2) = 
lMSfu^)® u <()> = S(u K1> ) (g) u <0> . 

□ 

With the above identifications of actions and coactions, one has the following 
bicyclic module 3(H, .FjCa), where 5 is the modular character: 



bu 



C s U® 2 

bu B u 



C 5 ®C- 



B U 



Br 



C S ®F® U® 2 



B U 



B T 



bu 



Bu 



B T 



Cs®T®C- 



bu 



bT 



Bu 



C 5 <8 F® 2 <8 W®f * 

Bjr , Bjr 



B U 



Bt 



J* 



b F 



bu 



Br 



Bu 



Bt 



■ C S <8 T® 2 <8 C 



br 



Bt 



(3.36) 



At this stage, we introduce the following Chevalley-Eilenberg-type bicom- 
plex: 



A 2 g — + C 5 ®F® A 2 C 5 (8 T® 2 ® A 2 S 



9 B 

Q<80' 

9a 



Q (8 ^ (8 • 

9a 



Pt 



■ C s (8 <8 ■ 

9a 



Q®C ^ Q®f ®C Q (8 -F® 2 (8 C • 



Pt 



Pt 



(3.37) 



81 



Here d g is the Lie algebra homology boundary of q with coefficients in right 
module C5 ® J r ® p ; explicitly 

d fl (l®/®X° A--- Al rl ) = 

^(-1)^1 ® /) < X* ® X° A • • • A X 1 A • • • A X q ~ 1 + 

i 

® / ® [X^X.,-] M° A ••• AX 1 A ••• aB A ••• A X 9-1 , 

where 

(1 ® /) < X = 5(X) ® / + 1 ® 5(1 X X)/. (3.38) 
The horizontal operator is given by 

/3jf(1 ® / ® X 1 A • • • A X 9 ) = 

J] 1 ® (Id®* ®A ® Id®^"^/) ® X 1 A • • • A X q + 

(-1)« +1 1 ® / ® SiX 1 ^ . . . X q K1> ) ® X 1 ^ A ... A X« <0> 

In other words, ftp is just the coalgebra cohomology coboundary of the 
coalgebra J- with coefficients in A q Q induced from the coaction of T on U® q . 

T A0 :C 5 ® A«g^f®Cj8 A q Q, (3.39) 
T(l ® X 1 A • • • A X q ) = S{X l <x> . . . X q K1> ) ® 1 ® X 1 ^ A ••• A X q <0> 

One notes that, since T is commutative, the coaction Y Ag is well-defined. 

Proposition 3.20. The bicomplexes (|3.36p and (|3.37[) /iaue quasi-isomorphic 
total complexes. 

Proof. We apply antisymmetrization map 

a : Q ® F® p ® A 9 -» C 5 ® ® W® 9 
a = Id ®a, 

where a is the usual antisymmetrization map 

a(X x A • • • A X p ) = - ("l) ff ^ (1) ® • • • O X CT W. (3.40) 
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Its left inverse is fl := Id®// where fi is the natural left inverse to a (see e.g. 
|X9(, page 436] ) . As in the proof of Proposition 7 of [6] , one has the following 
commutative diagram: 



C s ® T m ® A« — - 



(g) 



® A q+1 Q — ^ C s ® F® p ® U® q+l . 



Since a does not affect J-® v ', it is easy to see that the following diagram also 
commutes: 



+1 



Here 0^- is the Connes boundary operator for the cocyclic module C^(T, Cs® 
A 9 g), where T coacts on Cs % A 9 g via (|3.39p and acts trivially. 
Since T is commutative and its action on Cs % t\ q g is trivial, Theorem 3.22 
of [22] implies that Bp = in Hochschild cohomology. On the other hand 
Theorem 7 [6] (which is applied here for coefficients in a general module), 
proves that the columns of f|3.36[) with coboundary Bu and the columns of 
(|3.37p with coboundary d s are quasi-isomorphic. This finishes the proof. □ 



3.4 Applications 

3.4.1 Hopf cyclic Chern classes 

In this section we compute the relative Hopf cyclic cohomology of TL n modulo 
the subalgebra C := U(gl n ) with coefficients in C$. 

To this end, we first form the Hopf subalgebra /C :=£►<! T C Tt. Here 
£, acts on T via its action inherited from C C li on J 7 , and T coacts on 
C trivially. The second coalgebra is C := 7i ®k. C. Letting f) := g[ n , and 
S := S(g/t)) be the symmetric algebra of the vector space g/f), we identify C 
with the coalgebra S, as follows. Since g = V X f), where V = W 1 , we can 
regard IA as being IA{V) X] IA{\]). The identification of C with S is achieved 
by the map 

(X X] Y) x / ® K 1 ^ e(y)e(/)X, X G Y G Uft), f £ J- . 



S3 



As in Lemma 13.181 one checks that this identification is a coalgebra iso- 
morphism. Finally, since g/f) = V as vector spaces, U(V) = S(g/t)) as 
coalgebras. 

Similarly, one identifies, ICc '■= ®c C with T as coalgebras, via 

Y*4f®cl»e(Y)f, Y€UQt)),f€F. 

Let us recall the mixed complex (C n ,b,B), where C n := C n (H, C; Cg) = 
Cg 0£ C® n , which computes relative Hopf cyclic cohomology of Ti modulo 
C with coefficients in C<5. We also recall that the isomorphism defined in 
(|3.32p identifies this complex with the diagonal complex 3*'*(W, /C, C; Cg) = 
C«5 <8>£ J-® p <8> S® q . Now by using Theorem 13.151 we get the following bicom- 
plex whose total complex is quasi isomorphic to C n via the Eilenberg-Zilber 
Theorem. 



6s 



&s 



B S 
Bs 



6s 



B S 



B T 



Bt 



bs 



Bs 



6s 



B S 



bs 



Bs 



bT 

~~bT 

b T 

~~bT 



B^ 



bs 



Bs 



C 5 ®c f® 2 ® S® 2 



bs 



Bs 



bs 



Bs 



b T s 
% 

br : 
Bt 

br : 
Bt 



(3.41) 



Similar to (|3.37p . we introduce the following bicomplex. 
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A 2 V- 



7 (9,0) 



c s ®v 



Pt 



a (B,u) 

a (B,U) 



7 (B,ll) 



7 (9,0) 



Pt 



T 



ft- 



A 2 V 



7 (9,0) 



®2 



(8,U) 



7 (9,0) 



J"® 2 (gi c 



ft- 



ft- 



ft- 



(3.42) 



Here V stands for the vector space g/fj and 5( 0; m is the relative Lie algebra 
homology boundary of g relative to \) with coefficients in C5 <8> with the 
action defined in (|3.38j) . The coboundary fijr is induced by 0jr the coalgebra 
cohomology coboundary of T with trivial coefficients in C5 % A V. One notes 
that the coaction of T on 5 is induced from the coaction of T on IA via the 
natural projection ir : U — > W ®£ C = <S. 

Proposition 3.21. XYie totaZ complexes of the bicomplexes (|3.4ip and (|3.42l) 

are guasi isomorphic. 

Proof. The proof is similar to that of Proposition 13.201 but more delicate. 
One replaces the anitsymmetrization map by its relative version and instead 
of Proposition 7 [6] one uses Theorem 15 [9]. On the other hand since 
C C H n is cocommutative, every map in the bicomplex (|3.4ip is /^linear, 
including the homotopy maps used in Eilenberg-Zilber theorem [20], and 
in [191 PP- 438-442], as well as in the spectral sequence used in [22, Theorem 
3.22]. □ 

To find the cohomology of the above bicomplex we first compute the sub- 
complex consisting of gl n -invariants. 

Definition 3.22. We say a map J r ® m — > ^r®P i s an ordered projection of 
order . . . , i q ), including order, if it of the form 



12 — 1 



(3.43) 



We denote the set of all such projections by IT 
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Let S m denote the symmetric group of order m. Let also fix a G S n - q , and 
7r G rip -13 , where < p, q < n. We define 

0(<t,7t)= (3.44) 

where the summation is over all \x G S n and all 1 < ji,j2, ■ ■ ■ jq < 

Lemma 3.23. The elements 9(a,ir) G Q ® J 7 * 8 ' 9 (g) A p y, wit/i a G S^-p and 
vr G LTg p , are ^-invariant and span the space C$ J-® q <g> A p y. 

Proof. We identify C<5 with A n F* as F)-modules, by sending 1 G into the 
volume element £ x A . . . A £ n G A n y*, where j^ 1 , . . . , £"} is the dual basis to 
{Xi, . . . , X n }. One obtains thus an isomorphism 

C 5 (8)(, F® p ® A q V * ( A n <g> (g> A q V) \ (3.45) 

We now observe that the relations (|2.33p and (11.241) show that the action 
of \] on the jet coordinates 77* ^ Jfc s is tensorial. In particular, the central 
element of f), Z = Yl7=i ac ^ s as a grading operator, assigning degree 
1 to each X G V, degree —1 to each £ G V* and degree k to rf-^ • . 
As an immediate consequence, the space of invariants (I3.45D is seen to be 
generated by monomials with the same number of upper and lower indices, 
more precisely 

( A n V* <g> F® p <g> A 9 V) " = ( A n V* <g> ^ 0p [n - g] ® A 9 V) (3.46) 

where .F® p [n — q] designates the homogeneous component of J-® q of degree 
n — q. 

Furthermore, using (I2.28p . (12.290 we can think of J 7 as generated by a*- ^ Jfe s 
instead of the r\\ „• s. The advantage is that the a*- ,• s are symmetric in 
all lower indices and freely generate the algebra T . Fixing a lexicographic 
ordering on the set of multi-indices \a „• , one obtains a PBW-basis of T, 
viewed as the Lie algebra generated by the a*- ^ • s. This allows us to 
extend the assignment 

a jh,.,jk ^ ? ® X i ® X Ji ® • • • ® e y * ® 

first to the products which define the PBW-basis and next to an fj-equivariant 
embedding of J-® q [n — q] into a finite direct sum of tensor products of the 
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form (y*)® r (g) Sending the wedge product of vectors into the antisym- 
metrized tensor product, we thus obtain an embedding 

(A n V*®F® p [n-q}®A q V) t) ^ ((V*)® n 3^^*^ ® V ® S ® V ® Q ) ( 3 - 47 ) 

r,s 

In the right hand side we are now dealing with the classical theory of tensor 
invariants for GL(n,IR), cf. [27]. All such invariants are linear combinations 
tensors of the form 

T a = Y^e 1 ® • • • ® e ® ® • • • ® ^ CT(P) ® • • • 
. . . ® e ® . . . ® e*» ® • . . ® x ja(s) ® . . . ® x jfW , 

where <r G and the sum is over all 1 < j\,j2i • • ■ J m < n - 
Because the antisymmetrization is a projection operator, such linear com- 
binations belong to the subspace in the left hand side of (|3.47p only when 
they are totally antisymmetric in the first n-covectors. Recalling the iden- 
tification 1 = £ A . . . A £ ra , and the fact that a l - k = rf- k , while the higher 
a )ji jk S are s y mme t r ic in all lower indices, one easily sees that the pro- 
jected invariants belong to the linear span of those of the form (I3.44p . □ 

For each partition A = (Ai > . . . > A&) of the set {1, . . . ,p}, where 1 < 
p < n, we let A G S p also denote a permutation whose cycles have lengths 
Ai > . . . > Afc, i.e. representing the corresponding conjugacy class [A] G [S p ]. 
We then define 

C P ,X ■= B" 1 )" 1 ® <\l)J Hl) A • • • A < P (p), jm ® ^(P+D A • • • A X Mn) , 
where the summation is over all fi G S n and all 1 < ■ ■ ■ ,jp < n - 

Theorem 3.24. The cochains {C P: \ ; 1 < p < n, [A] G [S p ]} are cocycles 
and their classes form a basis of the group HP e (7i n , U(gi n ); Cs), where e = n 
mod 2. The complementary parity group HP 1 ~ € (H n ,U(Ql n );Cs) = 0. 

Proof. Let t) be the commutative Lie algebra generated by all 77*. k , and 
let F = U(d), be the polynomial algebra of rf- k . Obviously F is a Hopf 
subalgebra of J- and stable under the action of f). By using Lemma [3.44t we 
have: 

C s ®(, F® p ® A 9 F Q ®„ ® A 9 F . (3.48) 

Hence we reduce the problem to compute the cohomology of (Cd ®[, F®* ® 
A 9 V, where /?^r is induced by the Hochschild coboundary of the coalgebra 
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F with trivial coefficients. One uses the fact that (Cg <8> F®* ® A q V, &f) and 
(C$V <S> A*d ® A 9 , 0) are homotopy equivalent and the homotopy is ()-linear 
[19j to see that the gth cohomology of the complex under consideration is 
C,5 (8>h A p d <8> A 9 V. Similar to the proof of Lemma 13.441 we replace C$ with 
A n V*. We also replace a] k with f* ® Xj <g> X£, where f, Xj and X£ are 
basis for 1/*, V and V respectively. Using the above identification one has 
C s ® h A p d ® A 9 U ^ ( A n (A P U* ® A p U ® A p V r ) A 9 V) Via the same 
argument as in the proof of Lemma 13.441 one concludes that the invariant 
space is generated by elements of the form 



C P ,c ■= 2^(- 1 ) Ml ®<(l)J CT(1) A • ' ■ A %%),M P) ® *M*H-D A • • • AX Kn) (3-49) 

where a € S p , and the summation is taken as in (|3.44j) . Now let a = <x\ ... cr/-, 
where o"i = (a,a(a), . . . ,a a ~ 1 (a)), = (z, <r(z), . . . , a^~ 1 (z)). Since 

distinct cyclic permutations commute among each other we may assume 
en >/?•••> 7 > C- We defined the following two permutations. 

r := {1,2, ... ,a)(a + 1, ... ,/3), ... ,(a + ■■■ + -/ + 1, ... ,a + ■■■ + Q, 

r^(a), 



a 



1 < i < a 

l + a<i<a + (3 



i—l—a- 



^{z), a + --- + j + l<i<p 
p + 1 < i < n 

We claim C p>a and C PjT coincide up to a sign. Indeed, 



i 1 



\ Y_lW° A r7 JCT(a) A A n^" 1(a) A 

tt((j(6 

i CT (z) 



A Ar/ CT ^ X(6) 



A ••• A 



r?2 



iVY-l)^' 1 , , . An JZ , n , . A 

' 'HW,32 'fi(cr(a)),j3 



A r7 J 7 <w y, ■ A 



JaH h7+l 



'//(o-(6)),i„ + 3 

JqH h7+2 



(6))Jo 



A ••• A 



'm(*)Jo 



7+2 'MW*))ja+..-7+3 W° < (z))j t *+...7+l VrV 



'fi(<TC(*)), 

®X(ti9) 



S8 



Here X(fi) stands for A • • • A X^ n y 

The fact that {C Pt \ ; 1 < p < n, [A] € [S p ]} are linearly independent, and 
therefore form a basis for Cs Oh J-® p ® f\ q V , follows from the observation 
that, ii a E S p , the term 

® r?; (1)j(T(1) A • • • A < (p)i(T(p) ® X M(p+1) A • • • A X Mn) , 
appears in C PtT if and only if [a] = [r] . 

These are all the periodic cyclic classes, because all of them sit on the 
nth skew diagonal of (13.42D and there are no other invariants. Therefore 
B = <9 0i ij = on the invariant space. □ 

In particular 

dimHP*(H n ,U( 9 l n );Cs) = p(0) + p(l) + . . . + p(n), 

where p denotes the partition function, which is the same as the dimen- 
sion of the truncated Chern ring V n [ci, ■ ■ ■ c n ]. Moreover, as noted in the 
introduction, the assignment 

C Pi a >->• Cp,\ ■= c Xl ■ ■ ■ c\ k , Ai + . . . + A fc = p; 

defines a linear isomorphism between HP*(TC n ,U(Q[ n ); Cs) and V n \c\,... c n }. 

3.4.2 Non-periodized Hopf cyclic cohomology of 7i% 

In this section we apply the bicomplex (|3.37p to compute all cyclic coho- 
mology of Tii with coefficients in the MPI (1,6). Actually, invoking the 
equivalence (|3.6p . we shall compute HC(H. C { P , Cs) instead. 
Let us recall the presentation of the Hopf algebra Hi. As an algebra, Hi is 
generated by X, Y, 6^, k G N, subject to the relations 

[Y,X]=X, [Y,6 k ] = k6 k , [X,6 k ] = 6 k+ i, [6j,6 k ]=0. 

Its coalgebra structure is uniquely determined by 

A(Y) = Y ® 1 + 1 <8> Y, 

A(X) =X®1 + 1®X + 5 1 ®Y, 

A(6i) = tfi ® 1 + 1 ® <Ji, 

e(X) = e(Y) = e(6 k ) = 0. 

By Theorem (|2.15p . one has H™ P = T XI U. We next apply Theorem 
13.151 which gives a quasi- isomorphism between C*(T X U,Cs) and the 
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total complex of the bicomplex (|3.37[) . One notes that Y grades 7i\ by 
[Y , X] = X, [Y , S k ] = k5 k . Accordingly, Y grades U, and also T by 

Y >Vi,...,i = k7 ll,...i , 

where k + 1 is the number of lower indices. Hence Y grades the bicomplex 
(|3.37p . One notes that every identification, isomorphism, and homotopy 
which has been used to pass from the bicomplex C*{!F X\ U,Cg) to (|3.37p 
respects this grading (c/. also [Mj)- As a result, one can relativize the 
computations to each homogeneous component. The degree of / € J-® q will 
be denoted by |/|. 

We next recall Goncarova's results |14j concerning the Lie algebra cohomol- 
ogy of n. Taking as basis of n the vector fields 

d 

&i = x l+L — en, i > 1, 
dx 

and denoting the dual basis by {e l € n* | i > 1}, one identifies A fc n* with 
the totally antisymmetric polynomials in variables z\ . . . , via the map 

e h A . . . A e ik _ (-lTz^ m . . . 4 M(fc) • 

According to [14J, for each dimension k > 1, the Lie algebra cohomology 
group H k (n, C) is two-dimensional and is generated by the classes 

UJ k := Zi . . . z k n 3 k , uj' k := zf . . . zlU 3 k , 

where n& := LT (zj — z% ). We shall denote by £ fc G H k (F,C), 

resp. 

l<i<j<k 

C' k G H k {T,C) the image in Hochschild cohomology with trivial coefficients 
of uj k , resp. u>' k , under the van Est isomorphism of [HI Proposition 7(b)]. 

Lemma 3.25. The map 7 : F® 1 -> JT®( i + 1 ) defined by 

l{f) = f ® ?7i, where 7/1 := rj\ x , 

commutes with the Hochschild coboundary and for i > 1 is null-homotopic. 

Proof. We check that 7 is map of complexes: 

7 (6/~) = b(f) ® m = 

Kf) ®m + (-!)*(/ ® 1 ®m - /®l<S>?7i + /(2)??i + l- /(8)7/i(8)l) 
= 6(7(/))- 
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Using the bicomplex (|3.37p . one can show that the above map is zero at the 
level of Hochschild cohomology. Indeed, recalling that Ti. acts on T as in 
(|3.34p . and remembering that we are dealing with the normalized bicomplex, 
one has 

d g fo(i <g> / ® x) = d s (i ® b(f) ®x + (-i) m i ® / ® Vl ® y = 

- (-l) m l ® + 1 ® / ® r/i - 1 ® F(/ ® r/i) = 

- X6(/) - 1 (» |/|/ ® r?! . 

On the other hand, 

frd a (\ ® / ® X) = -pp(l ® X/). 
This implies that if &(/) = and |/| > 1, then 

□ 

To compute the Hochschild cohomology of Hi, we appeal again to the double 
complex (IBTBTjl . The term is c 5 ® A p ® .T 7 ® 9 and the boundary is /V, 
as in the diagram below: 

C s ® A 2 S — ^ C S ^ ® A 2 g Q ® ® A 2 g + • • • 

Q ® Q ® ^ ® g ^ Q ® ^ 02 ® • • • 

C s ® C Q ^ Q ® ^ 02 — • • • 

Lemma 3.26. 

E®' 2 = C[l ®1®XAF], 

£f 2 = c[i ® £ 3 ® x a y] e c[i ® ® x a y], g > 1 

= 1 ® C, £f = l®^®C®l®^C, g > 1 . 
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Proof. The result for the Oth row is obvious. For the second row one observes 
that 



T(1«IA7) = 

1®1®X ®Y + l®rn®Y ®Y -l®rn®Y ®Y -1®1®Y ®X = 
1 ® 1 ® X A Y. 

□ 

Lemma 3.27. 

E° A =C[1®1®Y], 

e^ 1 = c[i © © y] © c[i © Ci ® x - i © x^i ^ y]© 
© c[i © & © x - -i © x^i © Y] 

E'%' 1 = C[l © £ p © Y] © C[l © £p © y] © C[l ® © x 

©c[i©^©x-^i©xe;©y], P >2. 



■i ©x^ p ©y]( 



Proof. We filter Ef' 1 by setting 

E^ 1 = i © jf®? © x © i © © y d i © t® p © y d o. 

The spectral sequence £ that computes El^' 1 with respect to the above fil- 
tration is : 5f 1>9 = 1 © .F^" 1 © X, = 1 © F®i © y, and the rest 
= 0, 



Id®6 

1 ©^©X 

1 ©c©x 

o 





Id (gift 



Id ®6 

i © jc"©y 

Id ®6 

i ©c©y 



The £2 term is then described by 
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0. 



i ® f°(;f, c) ® x — ^ 1 ® ff 1 ^, c) ® y — >■ o . . . 
o »- 1 <8 H°(;F, c) ® y — o . . . . 

Here 7(1®/®X) = l®f®rjx®Y. One applies Lemma [3.25l to deduce that all 

maps in the above diagram are 0, except 1 ® H ^, C) ® X — ^ 1 ® H 1 ^, C) ® Y , 
which sends the class of 1 ® 1 ® X to the class ofl®f7i®y = l®£i®y. 
The spectral sequence £ obviously collapses at this level. □ 

In turn, the spectral sequence E collapses at E2, and we obtain the following 
result. 

Proposition 3.28. The Hochschild cohomology groups of of 7i\ are given 
by 

H°(Hi,C) =C[1® 1(8)1] 

h 1 (Hi, c) = c[i 0601]® c[i ® £ ® 1] e c[i ® 1 y] 

f 2 (Hi, c) = c[i (8> 6 ® 1] e c[i ® ® 1] e c[i ® £ ® y]e 

e c[i ® 1 ® x a y] e c[i ® & ® x - -?-i ® x& ® y]e 

la I 

e c[i ® ei ® x - ^1 ® xe; ® y] 
i?ii 

h p (h u c) = c[i ® c P ® 1] e c[i ® ^ ® 1] e c[i ® ® y]@ 

© c[i ® £' ! ® y] e c[i ® £ p -i®x - 77^— , 1 ® x£ p _i ® y]© 

I?p-iI 

© c[i ® ^p_i ® x - 777— ,1 ® x^_! ® y]© 

lsp-il 

c[i ® e P -2 ® x a y] © c[i ® tp_ 2 ® x a y], p > 3. 
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In the following proposition we use the standard notation S : HC m (TCi,Cs) —■ 
HC m+2 (Hi,Cs) for Connes' periodicity operator [5]. 

Proposition 3.29. The following classes form a basis of HC p (TCi,Cs): 
forp = 0, O = 1®1®1; 

for p = l, GV X = n = 1 (8 Ci ® 1, Ti = 1 ® £1 ® i; 
/or p = 2g, 

T p = 1(8)^(8)1, 7^ = 1®^®1, 

O-p = 1 ® sp-1 ®X- rl <8 ^sp-1 ® Y, 

ls>-ll 

^ = i (8> ® x - ] — — i (8 ® y, 

lsp-l| 

TF P = S" J_1 (1 ®1®IAF); 

/or p = 2g + 1, 

t p =1 <8 ^ (8 1, 7-; = i (8 e; ® 1, 

<t p = 1 <8 <8 X - — -1 (8 (8 K, 

ISp-ll 

o' v = i <8 (8 x - ® ® r, 

Isp— 1| 

G% = S«(1®&®1). 

Proo/. Evidently, HC°{Hi,C&) = H°(Hi,C)- From the bicomplex (pOT]) . 
one sees that the vertical boundary ]B is given by the Lie algebra homology 
boundary of g with coefficients in C^^T®*, where q acts by (|3.38[) . We thus 
need to compute the homology of the derived complex {H m (Hi,Cs),d s }. 
Since d Q : H 1 ( Hi , C) -> H° ( H x , C) is given by 

9 g (l <8 & <8 1) = <8 s"i ® 1) = 0, fl (l <8 1 <8 F) = 1 ® 1; 

it follows that -ffC 1 (7^i, C5) is 2-dimensional, with the Godbillon-Vey class 
1 <8 £1 (8 1 and Schwarzian class 1 (8 £i (8 1 as its basis. 
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Next, d s : H 2 {Hi,C) -> H 1 



(Hi,C) is given by 



d B (l ® 6 <8) 1) = 8 fl (l ® & ® 1) = 0, 

9 fl (i®i®y) = i, 

fl (l®£®y) = l®(l-l£l)& 

S 8 (l ®1®IAF) = 1®1®I-1®1®I = 0, 

9 fl (i ® 6 ® x - 77-ri ® ^6 ® y) = o 



Hence HC 2 (Hi,Cs) is 5-dimensional and is generated by the transverse 
fundamental class 1 (g 1 (g X A Y, together with the classes 



1 <8 £ 2 <8 1, 1 ® £ 2 ® 1. 

i ® 6 ® x - — i tg) x^i <g) y, i <g £i (g> x - — i <g <g y. 
la I la I 

Finally for p > 3, d g : HP(Hi,C) -» flf-^W^C) one has 
9 fl (l ® £ P ® 1) = 9 fl (l ® ® 1) = o, 

a (i®c P ®y) = (i-|^|)i®^, 

a fl (i®e;®n = (i-i^i)i® & 

d (i <g) ^p„ 2 ® x a y) = |^_ 2 |i ® Cp-2 ® x - i <gi x^_2 ® y 

5 (i ® e p _ 2 ® x a y) = ie;_ 2 |i ® ?;_ 2 ® * - 1 ® *?;- 2 ® ^, 

<9 (1 (g 81- — !— -1 <g y) = o 



a fl (i ®£[®x - (g xei ® y) = o. 



s„(i ® ® x 



i ® ® y) = o, 



whence the claimed result. 



□ 
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